N=1 Conformal Superspace in Four Dimensions by Butter, Daniel
ar
X
iv
:0
90
6.
43
99
v2
  [
he
p-
th]
  2
1 A
ug
 20
09
UCB-PTH-09/21
arXiv:0906.4399 [hep-th]
August 21, 2009
N = 1 Conformal Superspace in Four Dimensions
Daniel Butter
Department of Physics, University of California, Berkeley
and
Theoretical Physics Group, Lawrence Berkeley National Laboratory
Berkeley, CA 94720, USA
dbutter@berkeley.edu
Abstract
We construct in detail an N = 1, D = 4 superspace with the superconformal algebra
as the structure group and discuss its relation to prior component approaches and the
existing Poincare´ superspaces.
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1 Introduction
The use of conformal techniques to address supergravity has a long history. Not all that
long after Wess and Zumino discovered the superspace formulation of supergravity [1],
Kaku, Townsend, and van Nieuwenhuizen, along with Ferrara and Grisaru, worked out
the conformal structure of component supergravity and demonstrated that Poincare su-
pergravity was a gauge-fixed version of conformal supergravity [2]. Howe first proposed
superspace formulations of four-dimensional N ≤ 4 conformal supergravities by explicitly
gauging SL(2, C)×U(N ) [3]. Work continued on conformal supergravity over the next few
years (an excellent review [4] on the topic was written by Fradkin and Tseytlin) eventually
culminating in the work of Kugo and Uehara, who not only popularized the conformal com-
pensator approach to supergravity and matter systems [5] but also made a comprehensive
analysis of the component transformation rules and spinorial derivative structure of N = 1
conformal supergravity [6].
In large part, the results presented here are a superspace response to this last work. Here
we will take a complementary approach, treating superspace as an honest supermanifold
with a conformal structure. Unlike Howe, we will seek to gauge the entire superconformal
algebra. Prior experience with superspace hints that this approach would be a foolish one
– that the constraints required with a larger structure group would be more numerous and
their evaluation more cumbersome. What we find is the opposite: the covariant derivatives
of conformal supergravity have a Yang-Mills structure, with the algebra
{∇α,∇β} = 0, {∇α˙,∇β˙} = 0
{∇α,∇α˙} = −2i∇αα˙
{∇β,∇αα˙} = −2iǫβαWα˙, {∇β˙,∇αα˙} = −2iǫβ˙α˙Wα
where Wα are the “gaugino superfields” for the superconformal group. The constraints of
conformal superspace involve setting most of the Wα to zero, and the evaluation of these
constraints is no more difficult than in a conventional Yang-Mills theory, leading the non-
vanishing Wα to be expressed in terms of the single superfield Wαβγ . When the theory is
“degauged” to a U(1) Poincare´ supergravity, the extra gauge superfields can be reinterpreted
as the familiar superfields R, Gc, and Xα. This is the main result of this work.
It is well known that the various equivalent formalisms of superspace supergravity –
the minimal Poincare´ [7], the minimal Ka¨hler [8], and even the new minimal Poincare´ [9] –
are all derivable from a conformal superspace under different gauge-fixing constraints. We
review one way of seeing how this occurs in our approach.
This paper is divided into two sections. In the first, we discuss conformal representations
of superfields on superspace and construct the constraints necessary for the existence of
such a space. We also give the explicit form of all the curvatures from solving the Bianchi
identities. In the second, we demonstrate how the auxiliary structure of U(1) superspace is
identical to a certain gauge-fixed version of conformal superspace. In addition, we explicitly
construct the superspace of minimal supergravity, Ka¨hler supergravity, and new minimal
supergravity. Included in the appendix is an elementary review of the structure of global
and local spacetime symmetry groups as well as the structure of actions over both the full
manifold and submanifolds of such theories.
Throughout this paper we use the superspace notations and conventions of Binetruy,
Girardi, and Grimm [8] (which are a slight modification of those of Wess and Bagger [10])
– with our own slight modification: we choose the superspace U(1) connection to be Her-
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mitian. That is, our connection AM here is equivalent to −iAM of [8]; similarly, our
corresponding generator A is equivalent to their iA. (The unfortunate coincidence of the
generator and connection names will, we hope, not overly confuse the reader.)
Although the theory discussed here ought to be properly denoted “superconformal su-
perspace,” this is an awkward term that we would like to avoid. Instead we use “conformal”
when the subject is superspace. (Similarly, supertranslations on superspace are simply called
translations.) When the component theory is under consideration, we restore the “super.”
3
2 Conformal superspace
In the ensuing section we describe the gauge structure, geometric constraints, and curvatures
of conformal superspace, which is defined as a normal N = 1 superspace with the structure
group of the superconformal algebra. We discuss representations of that algebra, invariant
actions and chiral submanifold actions. As usual, constraints must be imposed to eliminate
unwanted fields; we will discuss their construction and solution. But the first place to start
is at the component level, where conformal supergravity is well-known and its properties
well-established.
Some use will be made throughout of results presented in the appendix. Specific refer-
ences will be made when especially relevant.
2.1 Conformal supergravity at the component level
Conformal supergravity at the component level begins with the extension of the Poincare´
to the super-Poincare´ algebra by the addition of fermionic internal symmetries Qα. These
anticommute to give spacetime translations:
{Qα, Q¯α˙} = −2iσaαα˙Pa (2.1)
The rest of the super-Poincare´ algebra is
[Mab,Mcd] = ηbcMad − ηacMbd − ηbdMac + ηadMbc
[Mab, Pc] = Paηbc − Pbηac
[Mab, Qγ ] = (σab)γ
βQβ (2.2)
The bosonic part of the algebra can be extended to include the conformal algebra. This
requires the introduction of the conformal scaling1 operator D and the special conformal
operator Ka, which loosely speaking can be understood as a translation conjugated by
inversions. A brief review of the conformal algebra is given in Appendix A.1.1.
These two generators can be added to the super-Poincare´ algebra provided one also
includes two new operators, the fermionic special conformal operator Sα (and its conjugate
S¯α˙) and the chiral rotation operator A. (This last generator is the U(1) R-symmetry.) It
should be noted that the special conformal generators possess the same Lorentz transforma-
tion properties as the corresponding translation and supersymmetry generators, but have
opposite weights under scalings and chiral rotations:
[D,Pa] = Pa, [D,Qα] =
1
2
Qα, [D, Q¯
α˙] =
1
2
Q¯α˙
[D,Ka] = −Ka, [D,Sα] = −1
2
Sα, [D, S¯
α˙] = −1
2
S¯α˙
[A,Qα] = −iQα, [A, Q¯α˙] = +iQ¯α˙
[A,Sα] = +iSα, [A, S¯
α˙] = −iS¯α˙
[Mab,Kc] = Kaηbc −Kbηac
[Mab, Sγ ] = (σab)γ
βSβ (2.3)
1This operation is often called “dilatation.”
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The special conformal generators have an algebra among each other that is similar to the
supersymmetry algebra:
{Sα, S¯α˙} = +2iσaαα˙Ka (2.4)
Finally, the commutators of the special conformal generators with the translation and su-
persymmetry generators are
[Ka, Pb] = 2ηabD − 2Mab
[Ka, Qα] = iσaαβ˙ S¯
β˙, [Ka, Q¯
α˙] = iσ¯α˙βa Sβ
[Sα, Pa] = iσaαβ˙Q¯
β˙, [S¯α˙, Pa] = iσ¯
α˙β
a Qβ
{Sα, Qβ} = 2Dǫαβ − 2Mαβ − 3iAǫαβ
{S¯α˙, Q¯β˙} = 2Dǫα˙β˙ − 2M α˙β˙ + 3iAǫα˙β˙ (2.5)
All other commutators vanish.
We have made use of the convenient shorthand Mαβ = (σ
baǫ)αβMab and M
α˙β˙ =
(σ¯baǫ)α˙β˙Mab. These are projections of the Lorentz generator; Mαβ rotates undotted spinors
while M α˙β˙ rotates dotted spinors. For example,
[Mαβ , Qγ ] = −Qαǫβγ −Qβǫαγ
[Mαβ , Qγ˙ ] = 0
[Mαβ , P(γγ˙)] = −Pαγ˙ǫβγ − Pβγ˙ǫαγ
where P(γγ˙) ≡ Pcσcγγ˙ . The canonical decomposition of a vector into dotted and undotted
spinors is accomplished via contraction with a sigma matrix.
Conformal supergravity in four dimensions is the gauge theory of the above algebra. The
connection forms Wm
A can be collected with their generators XA into the total connection
form
Wm = em
aPa +
1
2
ψm
αQα +
1
2
ωm
baMab + bmD +AmA+ fm
aKa + fm
αSα (2.6)
Here α denotes both spinor chiralities (α and α˙) and the spinor summation convention is
that of [10]. In the local theory, the generator Pa is identified as the covariant derivative
when acting on a covariant field.2 The algebra of the Pa among themselves is altered by
the introduction of curvatures. One finds on a covariant field Φ
[Pa, Pb]Φ ≡ [∇a,∇b]Φ = −RabΦ (2.7)
where the curvatures are
Rnm = Tnm
aPa + Tnm
αQα +
1
2
Rnm
baMab +HnmD + FnmA+R(K)nm
aKa +R(S)nm
αSα
(2.8)
Here we are using Tnm
α as the supersymmetry curvature (anticipating that in superspace
this will become part of the torsion), H and F as the curvatures associated with scalings and
2 A covariant field Φ transforms as δgΦ = g
AXAΦ. This is linear in Φ and involves no derivatives of the
parameter gA.
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chiral rotations, and R(K) and R(S) as the curvatures associated with special conformal and
fermionic special conformal transformations. (The curvatures – with Lorentz form indices
– are also covariant fields in the sense that a curvature transforms into another curvature.)
The construction of a local gauge theory from a generic global theory is detailed in Appendix
A.2.
Constraints are imposed on these curvatures in such a way as to eliminate the spin
connection ωm
ba and the special conformal connections fm
a and fm
α in terms of the other
fields. This procedure is summarized in the review literature [4] but the details do not
concern us here.
The transformation rules of the various gauge fields are straightforward to calculate and
are given in [4]. For our purposes, the only ones which will matter are the supersymmetry
transformations of the unconstrained fields:
δQem
a = i(ξσaψ¯m − ψmσaξ¯) (2.9)
δQψm
α = 2∇mξα (2.10)
δQbm = 2fm
αξα (2.11)
δQAm = −3ifmαξα + 3ifmα˙ξ¯α˙ (2.12)
The derivative ∇m is covariant with respect to spin, scalings, and chiral rotations and ξα
is assumed to transform with opposite scaling and chiral weights as Qα. The gravitino
transformation rule is especially simple.
It is also useful to record the transformation rules of chiral matter coupled to conformal
supergravity. For the chiral multiplet Φ = (φ,ψ, F ),
δQφ =
√
2ξψ, δQψ =
√
2ξF + i
√
2σaξ¯∇aφ, δQF = i
√
2(ξ¯σ¯a∇aψ) (2.13)
which is identical to the supersymmetry algebra except for the replacement of the regular
derivative with the covariant one.
These sets of component transformation rules must be reproduced at the superfield
level once we move to superspace; this will help us to find the proper constraints on the
curvatures in superspace.
2.2 Conformal superspace and representations of the algebra
N = 1 superspace is a manifold combining four-dimensional Minkowski coordinates xm
with four Grassmann coordinates θα, θ¯α˙ into a single supermanifold with coordinate z
M =
(xm, θµ, θ¯µ˙). The superconformal algebra can be represented as a set of transformations on
these coordinates. In differential form they read [11]
pa = ∂a, qα = ∂α − i(θ¯σ¯aǫ)α∂a, q¯α˙ = ∂α˙ − i(θσaǫ)α˙∂a
mab = −x[a∂b] + θσab∂θ + θ¯σ¯ab∂θ¯
d = xm∂m +
1
2
θ∂θ +
1
2
θ¯∂θ¯, a = −iθ∂θ + iθ¯∂θ¯
sα = −2θ2∂α + i(xb − iζb)(σb∂θ¯)α − (xb + iζb)(θσcσ¯bǫ)α∂c
sα˙ = −2θ¯2∂α˙ + i(xb + iζb)(σ¯b∂θ)α˙ − (xb − iζb)(θ¯σ¯cσbǫ)α˙∂c
ka = 2xa(x · ∂)− x2∂a − 2ζa(ζ · ∂) + ζ2∂a − (xb + iζb)(θσaσ¯b∂θ)− (xb − iζb)(θ¯σ¯aσb∂θ¯)
(2.14)
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where ζa ≡ θσaθ¯. These operators can be found in several ways. The most straightforward is
to write down the supersymmetry line element ds2 =
(
dxa + iθσadθ¯ + iθ¯σ¯adθ
)2
and require
that it be preserved up to a conformal factor. This yields the coordinate representations
we have given above. The elements pa, qα, q¯
α˙, mab and a preserve the line element exactly;
the others, d, ka, sα and s¯
α˙ preserve it only up to a conformal factor.
The field representation possesses the same algebra as the coordinate representation but
with the opposite sign. We will be most interested in the field representation, which is the
only sensible approach when the symmetry is made a local one.
As it will be useful to collect terms in a way which makes manifest the supersymmetry,
we will denote by PA the set of generators Pa, Qα, and Q¯
α˙; PA represents the super-
translation generator on superspace. Similarly, the special conformal generators may be
collected into a single KA. The algebra as in Section 2.1 can then be written
[D,PA] = λ(A)PA, [A,PA] = −iω(A)PA
[D,KA] = −λ(A)KA, [A,KA] = +iω(A)KA
[PA, PB ] = −CABCPC , [KA,KB ] = CABCKC
[KA, PB ] = +2η˜ABD − 2MAB + 3iAηABω(A)− 1
2
KCCCBA − 1
2
PCCCAB (2.15)
The commutators and other objects are to be understood as carrying an implicit grading,
explained further in Appendix B.
The various objects defined above are
PA = (Pa, Qα, Q
α˙), KA = (Ka, Sα, S
α˙)
MAB =
(
Mab,Mαβ ,M
α˙β˙
)
ηAB = (ηab,−ǫαβ,−ǫα˙β˙), η˜AB = (ηab,+ǫαβ,+ǫα˙β˙) (2.16)
where mixed objects such asMaβ and ηaβ are defined to be zero. Note that η˜AB = (−)AηAB ;
this will be the origin of graded signs (−)A in subsequent formulae.
We also have the flat-space torsion tensor
CAB
C = −CBAC =
{
−2i(σcǫ)αβ˙ if A = α,B = β˙, C = c
0 otherwise
(2.17)
as well as the numerical coefficients
λ(A) =
{
1 if A = a
1
2 if A = α, α˙
ω(A) =


0 if A = a
+1 if A = α
−1 if A = α˙
(2.18)
The tensor C, like all explicitly supersymmetric objects, possesses an implicit grading.3
The matrix ηAB is used to raise and lower indices; η˜AB is its transpose, and is equivalent
to ηAB(−)ab, the sign coming from the implicit grading.
3That is, we interpret its antisymmetry condition to mean Cab
C = −Cba
C but Cαβ
C = +Cβα
C . The
implicit grading works by appending an extra sign whenever two fermionic objects (fields, indices, etc.) are
permuted past each other.
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The main limitation of this form is that the would-be super-rotation generator MAB is
highly constrained: only the boson-boson partMab is independent. The fermion-boson part
Mαb vanishes, and the fermion-fermion part Mαβ is just a left-handed projection of Mab.
Nevertheless, we may write its commutator with PA in the elegant form
[MAB , PC ] = PAηBC − PBηAC (2.19)
where it is to be understood that the A, B, and C are all of the same type and the implicit
grading is understood.
The representation theory of fields under the conformal group is discussed in [12] as
well as in Appendix A.1.1 and is rather straightforward. The only difference from Poincare´
representations is that we require primary fields Φ to have constant conformal weight under
D and to be annihilated by the special conformal generator Ka.
We may extend that discussion to the superconformal group with little effort. Let Φ be
a primary superfield. It may or may not possess Lorentz indices, but we will suppress them
for notational elegance. The action of the superconformal group is
PAΦ = ∇AΦ, MabΦ = SabΦ
DΦ = ∆Φ, AΦ = iwΦ
KAΦ = 0 (2.20)
The action of PA is the statement that the translation generator acts as the covariant
derivative. The matrix Sab is appropriate for whatever representation of the Lorentz algebra
Φ belongs to. ∆ and w represent its conformal and chiral weights.
2.2.1 Primary chiral superfields
The superconformal algebra by itself does not itself tell us anything more about an arbitrary
superfield than the conformal algebra tells us in spacetime. The advantage comes when re-
strictions are imposed. For example, the most important theoretical and phenomenological
superfields are chiral ones. These obey a constraint ∇¯α˙Φ = 0, where again we are suppress-
ing Lorentz indices which Φ may possess. Requiring this to be superconformally invariant
leads to a nontrivial condition on Φ:
0 = {Sα˙, ∇¯β˙}Φ = ǫα˙β˙(2D + 3iA)Φ − 2M α˙β˙Φ = ǫα˙β˙(2∆ − 3w)Φ − 2M α˙β˙Φ (2.21)
The first term is antisymmetric in the indices, the second is symmetric. Therefore each must
vanish separately. The first tells us 2∆ = 3w, that is, the U(1) weight and scaling dimension
of the field Φ have a fixed ratio. The second term tells us that Φ, when decomposed into
irreducible spinors, contains no dotted indices, since M α˙β˙ acts only on these. Thus, Φα,
Φαβ, and Φαβγ are valid chiral superfields, but Φ(αβ˙) = σαβ˙
cΦc is not. (We will use the
notation (αα˙) to denote a vector index contracted with a sigma matrix.)
2.2.2 Primary gauge vector superfields
The next most important superfield is the gauge vector superfield V . It is related to the
chiral superfield Wα by Wα = P[∇αV ] where P is the chiral projection operator.4 In flat
4It is convention in literature to call this object the “projection” operator even though it is not truly a
projection operator, since P2 6= P . We denote Π as the actual projection operator where it matters.
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supersymmetry this condition reads Wα = −14D¯2DαV where DA is the flat space covariant
derivative; we will assume without (yet) a proof that this expression holds in the case of a
nontrivial geometry simply by replacing DA with ∇A. If we demand that Wα be primary
in addition to V being primary, we can deduce a nontrivial condition on V . The primary
condition is actually three: the vanishing of K, S, and S¯ onWα. Since the anti-commutator
of S and S¯ yields K, we only need to check that S and S¯ vanish. Consider S first:
0 = −4SβWα = Sβ∇¯2∇αV = ∇¯2Sβ∇αV = ∇¯2 (2Dǫβα − 2Mβα − 3iAǫβα)V
Since V is real, its chiral weight vanishes. Furthermore, it is a scalar so M annihilates it.
We are left with the condition DV = 0, that is V must have conformal dimension zero.
This forces Wα to have conformal dimension 3/2, which is sensible since it must possess the
gaugino as its lowest component. The check that S¯β˙ also annihilates Wα is straightforward;
no further constraints are required. It therefore follows that Wα is conformally primary
precisely when V has conformal dimension zero.
2.2.3 Primary F-term superfields
The last special case we will discuss is where V is a superfield and we demand that its chiral
projection U = P[V ] is primary. (This is of interest since if V is a D-term then U is the
corresponding F-term.) Generalizing the flat space result gives U = −14∇¯2V (which we will
show is the case later). We assume that V is primary with conformal weight ∆ and chiral
weight w. Then the primariness of U reduces to checking that S¯ annihilates U , since it is
clear that S annihilates U . This is a simple exercise:
−4S¯β˙U = −{S¯β˙ , ∇¯α˙}∇¯α˙V − ∇¯α˙{S¯β˙ , ∇¯α˙}V
= −
(
2Dǫβ˙α˙ − 2M β˙α˙ + 3iAǫβ˙α˙
)
∇¯α˙V − ∇¯α˙
(
2Dǫβ˙α˙ − 2M β˙α˙ + 3iAǫβ˙α˙
)
V
= (8− 4∆ + 6w)∇¯β˙V
It follows that 2∆ − 3w = 4 is the condition on V so that U is primary. If we also require
that the antichiral projection of V be primary, then we would find 2∆+3w = 4, concluding
that w = 0 and ∆ = 2. This latter case is most important since we will see if V is a D-term
action, then U is the F-term action equivalent to V .
2.3 Local superconformal symmetry
A space of local symmetries includes a rule for parallel transport, which allows one to
compare group elements at neighboring points. One demands that the supertranslation
generators PA act as parallel transport operators with the supervierbein EM
A as their
corresponding gauge field. For each of the other generators XA, one also introduces a gauge
field WM
A:
WM
AXA = EM
APA +
1
2
φM
baMab +BMD +AMA+ fM
AKA (2.22)
In practice, it is useful to decompose the algebra into the generators of parallel transport
and the other generators, which annihilate pure functions (ie. scalar primary fields with
vanishing chiral and scaling weights). We denote the latter group as H, its generators by
Xa, and its gauge fields by hM
a. In this manner, the total gauge connection is simply
WM
AXA = EM
APA + hM
aXa (2.23)
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The action of the generators on fields is defined by
δG(ξ
MWM
AXA)Φ ≡ LξΦ. (2.24)
(See Appendix A.2 for a deeper discussion of this.) For fields lacking Einstein indices, this
reduces to the simpler
ξMWM
AXAΦ = ξ
M∂MΦ (2.25)
Since the action of the non-translation generators is defined already, this defines the action
of PA. One finds the standard definition of the covariant derivative
ξAPAΦ = ξ
M∇MΦ = ξM
(
∂M − hMaXa
)
Φ (2.26)
If Φ possesses an Einstein index, then an additional transformation rule for that index is
required. For example, on the vierbien,
δP (ξ)EM
A = ξN∇NEMA + ∂MξNENA; (2.27)
this rule can be used to define δP on any other Einstein tensor.
The algebraic structure of conformal superspace is identical to the flat case except for
the introduction of curvatures to the [P,P ] commutator. We include here the results quoted
in the most supersymmetric language:5
[PA, PB ] = −TABCPC − 1
2
RAB
dcMcd −HABD − FABA−R(K)ABCKC
[Mab,Mcd] = ηbcMad − ηacMbd − ηbdMac + ηadMbc
[D,PA] = +λ(A)PA
[A,PA] = −iω(A)PA
[KA,KB ] = +CAB
CKC
[D,KA] = −λ(A)KA
[A,KA] = +iω(A)KA
[KA, PB ] = +2η˜ABD − 2MAB + 3iAηABω(A)− 1
2
KCCCBA − 1
2
PCCCAB (2.28)
2.4 Invariant superconformal actions
Superspace actions fall into two types. The first is the D-type Lagrangian, involving an
integration over the full Grassmannian manifold. The local action reads
SD =
∫
d4x eLD =
∫
d4x d4θ E V (2.29)
Here e = det(em
a) is the normal four dimensional measure factor, while E = det(EM
A)
is the appropriate generalization for a D-term.6 (Setting E = e = 1 retrieves the global
action.) Invariance requires XbV = −(−)AfbAAV , which amounts to
DV = 2V, AV = 0, MabV = 0,
KaV = 0, SαV = 0, S¯
α˙V = 0
5We have adopted the notation R(K)AB
C for the special conformal curvature. One could similarly write
RAB
dc as R(M)AB
dc but we have chosen to use the conventional name for the Lorentz curvature.
6This determinant becomes a super-determinant when the implicit grading is taken into account
10
V must have scaling dimension two; its chiral weight must vanish; it must be a Lorentz
scalar; it must be superconformally primary. One should also in general check the action
of Pa, Qα, and Q¯
α˙ to ensure that it is translation invariant and supersymmetric. Each of
these gives a set of derivative operations; since the entire space is integrated over, each of
these vanishes. A review of this material is presented in Appendix A.2.2.
The second Lagrangian of concern is the F-type, which involves an integration over the
chiral submanifold M corresponding to θ¯ = 0 (or to any other constant θ¯ slice):
SF =
∫
d4x e LF =
∫
d4x d2θ EW (2.30)
(We will for brevity’s sake write only the chiral part; but in physical theories one must of
course include the antichiral part.) The chiral measure E is to be understood as det(Ema)
where m is the Einstein index over the chiral coordinates y and θ and a = (a, α). This is a
loose definition since the chiral y and θ need to be better defined. Appendix A.2.5 contains
a discussion of this.
For this action to be invariant under the non-translation part of the gauge group, W
must obey
DW = 3W, AW = 2iW, MabW = 0
KaW = 0, SαW = 0, S¯
α˙W = 0
For invariance under P , Q, and Q¯, W must be chiral, ∇α˙W = 0. In addition, consistency of
this result (ie. {∇α˙,∇β˙}W = 0) leads to the following conditions on torsions and curvatures:
Tα˙β˙
c = Tα˙β˙
γ = 0, Hα˙β˙ +
2i
3
Fα˙β˙ = 0 (2.31)
These constraints are invariant under the action of H, as is expected, and should be under-
stood as the minimal set of constraints for a conformal superspace.
2.5 Constraints
Since every superfield contains sixteen independent components, the number of degrees of
freedom represented by unconstrained gauge fields is staggering. The vierbein EM
A alone
consists of 64 superfields, each possessing 16 independent components for a total of 1024
component fields. This problem can be circumvented by the imposition of certain constraints
in superspace, followed by solving the Bianchi identities subject to these constraints. Con-
formal superspace must reduce to a Poincare´ superspace upon the breaking of the conformal
symmetry, so the constraints on its geometry ought to be more severe than those normally
imposed. We will guess the constraints necessary by identifying the properties we would
like to have. If this overconstrains the theory, so be it; the Bianchi identities will tell us if
this occurs.
Perhaps the most fundamental constraint is the existence of chiral primary superfields,
the absence of which would render any superspace theory practically useless. The chiral
requirement, ∇α˙Φ = 0, implies that the anticommutator {∇α˙,∇β˙}Φ vanishes. (We have
suppressed any Lorentz indices which Φ may possess.) This commutator in turn gives the
following constraints:
Tα˙β˙
c = Tα˙β˙
γ = 0, Hα˙β˙ +
2i
3
Fα˙β˙ = 0, Rα˙β˙
γδ = 0 (2.32)
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(The complex conjugates are implied for the existence of anti-chiral superfields.) All of
these conditions except the last we already knew; the last is required if chiral superfields
with undotted spinor indices (such as Wα and Wαβγ) should exist.
If we consider the component level behavior, more constraints may be deduced. The
component conformal supergravity multiplet for a chiral matter scalar, φ, possesses the same
transformation laws as in flat supersymmetry, only with the regular derivative replaced by
a covariant one:
δQφ =
√
2ξψ, δQψ =
√
2ξF + i
√
2σaξ¯∇aφ, δQF = i
√
2(ξ¯σ¯a∇aψ) (2.33)
These equations can be interpreted as superspace formulae with the superfields ψα ≡ 1√2∇αφ
and F ≡ −14∇2φ, and the formal definition of δQ ≡ ξα∇α + ξ¯α˙∇α˙. Requiring that this
variation δQ act on each of the superfields as indicated by the component transformation
rules leads to a number of further constraints on the superspace curvatures:
Tαβ
γ = Tαβ˙
γ = Tαb
c = 0, Tαβ˙
c = 2iσc
αβ˙
(2.34)
Other more complicated conditions are also implied, but they end up being satisfied auto-
matically by the Bianchi identities, so we do not bother listing them here in detail.
We can further restrict the superspace structure by requiring the component transfor-
mation laws for the gravitino, U(1) gauge field, and scaling gauge field to behave as in
component conformal supergravity. For example, the gravitino ought to transform under
supersymmetry into a covariant derivative of the supersymmetry parameter, δQψm = 2∇mξ,
without the need for any explicit auxiliary fields as in (2.10). Since we already know the
transformation law for the gravitino is
δQEm
α = ∇mξα + EmcξβTβcα + Emcξβ˙T β˙c
α
(2.35)
we are left to conclude Tβc
α = 0. (These are the torsion components which in the minimal
multiplet give the superfields R and Gc whose lowest components are the supergravity
auxiliaries M and bm.) A similar analysis using the U(1) and scaling gauge fields using
(2.11) and (2.12) tells us Fβc = Hβc = 0.
One can continue in this manner to bootstrap constraints which seem reasonable. The
ones discussed above are nearly sufficient to completely determine a minimal superspace
formulation of conformal supergravity. It turns out only one additional constraint is needed:
R(K)αβ
C = 0 and its conjugate.
We summarize here the constraints we take. For torsion we have
Tγβ
A = Tγ˙β˙
A = 0
Tγβ˙
a = 2iσa
γβ˙
Tcβ
A = Tcβ˙
A = 0
Tcb
a = 0 (2.36)
These define all torsion except for Tcb
α and Tcb
α˙ which remain undetermined. For the
Lorentz curvature, we have
Rαβ
cd = Rαβ˙
cd = Rα˙β˙
cd = 0 (2.37)
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For the chiral curvature,
Fαβ = Fαβ = Fα˙β˙ = 0
Fαb = Fα˙b = 0 (2.38)
Similarly for the scaling curvature:
Hαβ = Hαβ = Hα˙β˙ = 0
Hαb = Hα˙b = 0 (2.39)
For the special conformal curvature, we take
R(K)αβ
C = R(K)α˙β˙
C = R(K)αβ˙
C = 0 (2.40)
This set of conditions for the curvatures is especially interesting for one particular reason:
it includes the condition Rαβ = 0 for all curvatures except for torsion, where we choose the
flat result Tαβ˙
c = 2iσc
αβ˙
. This is consistent with making the following demands on the
fermionic covariant derivatives:7
{∇α,∇β} = {∇α˙,∇β˙} = 0 (2.41)
{∇α,∇β˙} = −2i∇αβ˙ (2.42)
The first of these implies the existence of a gauge choice where ∇α = ∂α and the second
implies the conjugate; the third implies that no gauge exists where both these conditions
hold. Moreover, in flat supersymmetry, the chiral projector P is proportional to D¯2. The
condition that it should be ∇¯2 in conformal supergravity is equivalent to the constraints
{∇α,∇β} = {∇α˙,∇β˙} = 0.
These constraints may at first glance seem exceedingly restrictive, certainly more so
than those assumed in deriving Poincare´ supergravity. It helps to recall that each of these
objects, the torsion and the other curvatures, are internally more complicated than their
non-conformal cousins due to the presence of the extra gauge fields. We will find that it
is these fields, in particular those associated with the special conformal generators, which
allow us to reconstruct normal Poincare´ supergravity with its relaxed constraints after gauge
fixing.
2.6 Jacobi and Bianchi identities
The discussion of the Jacobi and Bianchi identities in an arbitrary theory is given in A.2.1
and merely needs to be specialized here. The Jacobi identity serves to define the gauge
transformation properties of the curvatures:
D TCB
A = (∆(C) + ∆(B)−∆(A))TCBA
D R(K)CB
A = (∆(C) + ∆(B) + ∆(A))R(K)CB
A
D RDC
BA = (∆(D) + ∆(C))RDC
BA
D FBA = (∆(B) + ∆(A))FBA
D HBA = (∆(B) + ∆(A))HBA (2.43)
7These conditions alone are probably sufficient to define a conformal superspace with dynamical spin
connection and torsion as well as their superpartners; we conjecture that the extra constraints are to eliminate
the spin connection and its associated multiplet but as yet are unaware of any direct evidence for this.
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(With the exception of the K-curvature, these are entirely straightforward.) The U(1)
transformations are similarly simple:
A TCB
A = −i (w(C) + w(B)− w(A)) TCBA
A R(K)CB
A = −i (w(C) + w(B) + w(A))R(K)CBA
A RDC
BA = −i (w(D) +w(C))RDCBA
A FBA = −i (w(B) + w(A))FBA
A HBA = −i (w(B) + w(A))HBA (2.44)
The transformations under KA are, however, less than obvious:
8
KD TCB
A =
1
2
∆TCB
FCADF +
1
2
CFD[C∆TB]F
A
KD HCB = −(−)D2∆TCBD + 1
2
CFD[CHB]F
KD FCB = −3iw(D)∆TCBD + 1
2
CFD[CFB]F
KD R(K)CB
A = R(K)CB
FCFD
A +
1
2
CFD[CR(K)B]F
A − 1
2
∆TCB
FCF
A
D
− λ(D)HCBδDA + iw(D)FCBδDA +RCBDA
1
2
(
KD RCB
a′a
)
Maa′ = 2∆TCB
AMAD − 1
4
CFD[CRB]F
a′aMaa′ (2.45)
The notation [CB] in the above denotes graded antisymmetrization of the respective in-
dices. The rule for the Lorentz curvature has been left in a form with the explicit Lorentz
generators since they are not independent of each other. Since KA is in a sense the inverse
of PA, these rules are like inverted Bianchi identities, and they provide a nontrivial check
of consistency once the curvatures are specified.
We do not list explicitly the Lorentz transformation rules for the curvatures since each
transforms as its indices indicate.
Invariance under parallel transports is equivalent to checking the Bianchi identities.
These are significantly more complicated:
0 =
∑
[DCB]
∇DFCB + TDCFFFB − 3iR(K)DCBw(B)
0 =
∑
[DCB]
∇DHCB + TDCFHFB − 2R(K)DCB(−)B
0 =
∑
[DCB]
∇DTCBA + TDCFTFBA −RDCBA + λ(A)HDCδBA + iw(A)FDCδBA − 1
2
R(K)DC
FCF
A
B
0 =
∑
[DCB]
∇DR(K)CBA + TDCFR(K)FBA − 1
2
R(K)DC
FCBAF
0 =
∑
[FDC]
∇FRDCβα + TFDHRHCβα − 1
2
R(K)FD{βφ˙(σ¯cǫ)
φ˙
α} + 2R(K)FD{β ǫα}δ (2.46)
8Note that gradings arising from the order of the indices have been left off for simplicity of notation. To
replace them, note the order of the indices on the left side of the equation and add appropriate gradings to
arrive at the same order. Also, contracted indices must be placed next to each other with the raised index on
the left. For example, in the first line, the order of indices on the left is DCBA. If we replace the gradings,
we would have KD TCB
A = 1
2
∆TCB
FCADF (−)
AF+D(A+F+B+C) + 1
2
CFDC∆TBF
A(−)F (D+C+B).
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The sum over [DCB] denotes a sum over graded cyclic permutations of those indices. Also,
the notation {} on indices denotes symmetrization; for example, X{αYβ} ≡ XαYβ + YβXα.
(The last identity involving the Lorentz curvature has been projected to the left-handed
part of the Lorentz group. The right-handed part is found by complex conjugation.)
As in [10] the constraints we have chosen restrict our gauge potentials; we must ensure
that the Bianchi identities are satisfied in order for these constraints to be valid. Though
our constraints are stronger than in [10], our curvatures and Bianchi identities are more
numerous. We avoid recounting the derivation in detail here (see Appendix D for that) and
merely quote the result: every curvature either vanishes or is expressed in terms of a single
chiral superfield Wαβγ . It obeys
DWαβγ =
3
2
Wαβγ , AWαβγ = iWαβγ , KAWαβγ = 0 (2.47)
That is,Wαβγ possesses the same scaling and U(1) weights as it does in Poincare´ supergrav-
ity and is conformally primary. Furthermore, it is constrained by its own Bianchi identity
∇γβ˙∇φWφγβ = −∇βγ˙∇φ˙Wφ˙γ˙β˙ (2.48)
The results for the curvatures follow below.
2.6.1 Torsion
The conformal torsion two-form is defined in terms of the gauge connections:
TA = dEA + λ(A)EAB − iw(A)EAA+ EBφBA − 1
2
CACBEBfC (2.49)
We group the various components in terms of their scaling dimension.
• Dimension 0
Tγβ
a = 0, T γ˙β˙a = 0 (2.50)
Tγ
β˙a = −2i(σaǫ)γ β˙ (2.51)
• Dimension 1/2
Tγβ
α = 0, Tγb
a = 0 (2.52)
• Dimension 1
Tγb
α = 0, T γ˙ bα˙ = 0 (2.53)
Tγbα˙ = 0, T
γ˙
b
α
= 0 (2.54)
Tcb
a = 0 (2.55)
• Dimension 3/2
Tcb
α
; T(γγ˙)(ββ˙)α = +2ǫγ˙β˙Wγβα (2.56)
Tcbα˙ ; T(γγ˙)(ββ˙)α˙ = −2ǫγβW¯γ˙β˙α˙ (2.57)
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2.6.2 Lorentz curvature
The conformal Lorentz curvature two-form is
Rba = dφba + φbcφc
a − 2E[bfa] − 4Eβfα(σbaǫ)αβ − 4Eβ˙fα˙(σ¯baǫ)α˙β˙ (2.58)
The notation [b...a] denotes antisymmetrization of those indices; for example, X[bYa] ≡
XbYa −XaYb.
Because the form is valued in the Lorentz group, it may be canonically decomposed:
RDC
ba
; RDC(ββ˙)(αα˙) = 2ǫβ˙α˙RDCβα − 2ǫβαRDCβ˙α˙ (2.59)
It is simplest to express the curvature results in terms of these components.
• Dimension 1
Rδγ βα = 0, Rδγ β˙α˙ = 0 (2.60)
Rδ˙γ˙ βα = 0, Rδ˙γ˙ β˙α˙ = 0 (2.61)
Rδγ˙ βα = 0, Rδγ˙ β˙α˙ = 0 (2.62)
• Dimension 3/2
Rδ(γγ˙)βα = 0, Rδ(γγ˙)β˙α˙ = +4iǫδγW¯γ˙β˙α˙ (2.63)
Rδ˙(γγ˙)β˙α˙
= 0, Rδ˙(γγ˙)βα
= −4iǫδ˙γ˙Wγβα (2.64)
• Dimension 2
R(δδ˙)(γγ˙)βα = +2ǫδ˙γ˙χδγβα⌣
− 1
4
ǫδ˙γ˙
∑
(δγ)
∑
(βα)
ǫδβ∇φWφγα
= +ǫδ˙γ˙∇{βWα}δγ (2.65)
R(δδ˙)(γγ˙)β˙α˙ = −2ǫδγχδ˙γ˙β˙α˙
⌣
+
1
4
ǫδγ
∑
(δ˙γ˙)
∑
(β˙α˙)
ǫδ˙β˙∇φ˙W¯φ˙γ˙α˙
= −ǫδγ∇{β˙Wα˙}δ˙γ˙ (2.66)
The totally symmetric symbol χ is itself the spinorial curl of the superfield W :
χδγβα
⌣
=
1
4
(∇δWγβα +∇γWδβα +∇βWγδα +∇αWγβδ) (2.67)
χ
δ˙γ˙β˙α˙
⌣
=
1
4
(∇δ˙W¯γ˙β˙α˙ +∇γ˙W¯δ˙β˙α˙ +∇β˙W¯γ˙δ˙α˙ +∇α˙W¯γ˙β˙δ˙) (2.68)
2.6.3 Scaling and U(1) curvatures
The conformal field strengths for scalings and chiral rotations are
H = dB + 2EAFA(−)a (2.69)
F = dA+ 3iEAFAw(A) (2.70)
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• Dimension 1
Hδγ = Fδγ = 0 (2.71)
Hδγ˙ = Fδγ˙ = 0 (2.72)
Hδ˙γ˙ = Fδ˙γ˙ = 0 (2.73)
• Dimension 3/2
Hµ(γγ˙) = Fµ(γγ˙) = 0 (2.74)
Hµ˙(γγ˙) = Fµ˙(γγ˙) = 0 (2.75)
• Dimension 2
Hcb ; H(γγ˙)(ββ˙) = 2ǫγ˙β˙H˜γβ − 2ǫγβH˜γ˙β˙ (2.76)
Fcb ; F(γγ˙)(ββ˙) = 2ǫγ˙β˙F˜γβ − 2ǫγβF˜γ˙β˙ (2.77)
The components H˜ and F˜ are themselves related to the spinorial divergence of the
superfield W :
∇γWγβα = 4i
3
F˜βα = +2H˜βα (2.78)
∇γ˙Wγ˙β˙α˙ =
4i
3
F˜β˙α˙ = −2H˜β˙α˙ (2.79)
2.6.4 Special conformal curvature
The special conformal curvatures are
R(K)a = dfA − λ(A)fAB + iw(A)fAA+ fBφBA + 1
2
CACBfCEB +
1
2
fBfCCCB
A
We will group them by their form indices.
• Fermion/fermion
R(K)γβα = 0, R(K)γβ˙α = 0, R(K)γ˙β˙α = 0 (2.80)
R(K)γβα˙ = 0, R(K)γβ˙α˙ = 0, R(K)γ˙β˙α˙ = 0 (2.81)
R(K)γβa = 0, R(K)γβ˙a = 0, R(K)γ˙β˙a = 0 (2.82)
• Fermion/boson
R(K)α(ββ˙)γ = 0, R(K)α˙(ββ˙)γ˙ = 0 (2.83)
R(K)α(ββ˙)γ˙ = +iǫαβ∇φ˙Wφ˙β˙γ˙ , R(K)α˙(ββ˙)γ = +iǫα˙β˙∇φWφβγ (2.84)
R(K)α(ββ˙)(γγ˙) = −2iǫαβ∇γφ˙W φ˙β˙γ˙ , R(K)α˙(ββ˙)(γγ˙) = −2iǫα˙β˙∇φγ˙W φβγ (2.85)
• Boson/boson
R(K)cbµ = − i
3
∇µFcb, R(K)cbµ˙ = + i
3
∇µ˙Fcb (2.86)
R(K)(γγ˙)(ββ˙)(αα˙) = −ǫγβ∇¯γ˙∇αφ˙Wφ˙β˙α˙ − ǫγ˙β˙∇γ∇φα˙Wφβα (2.87)
where the chiral curvature Fcb has been used for notational simplicity.
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2.7 Chiral projectors and component actions
One can use the details of Appendix A.2.5, specifically equation (A.86) to construct an
explicit form for the chiral projector in conformal superspace:
P[V ] =
∫
d2θ¯ Σ¯V (2.88)
where Σ¯ is the superdeterminant constructed out of Eµ˙α˙ in the gauge where Emα˙ and Eµα˙
vanish. Let us explicitly construct the vierbein (and other connections) in this gauge.
Recall that the variation of the connections W µ˙A is
δGW
µ˙A = ∂µ˙gA +W µ˙BgCfCB
A. (2.89)
The gauge parameter gA is a superfield and so has a larger parameter space than what
survives at the component level. In principle, every θ and θ¯-dependent part of gA can
be exhausted to put the connections in a desirable form without affecting the component
Lagrangian. We will here use the θ¯-dependence of gA to fix W µ˙A to a specific form. (This
will correspond to a chiral version of Wess-Zumino gauge. Later on we shall fix the θ-
dependence.)
Let gA = θ¯µ˙g
µ˙A + 12 θ¯
2gA2 where the functions g
µ˙A and gA2 depend on x and θ but not
θ¯. It is immediately clear by inspection of the gauge transformation law that gµ˙A can be
chosen to fix the gauge W µ˙A|θ¯=0 = δµ˙A, meaning the vierbein is gauged to δµ˙A at lowest
component and all other gauge fields set to zero. The gauge connection θ¯-expansion then
becomes
W µ˙A = δµ˙A + θ¯ν˙W
ν˙µ˙A +
1
2
θ¯2W µ˙A2 (2.90)
for fields W ν˙µ˙A and W µ˙A2 which depend on only x and θ. The remaining gauge parameter
gA2 can be used to eliminate the antisymmetric part of W
ν˙µ˙A, leaving W ν˙µ˙A = W µ˙ν˙A.
This exhausts our θ¯-dependent gauge freedom. The curvatures then uniquely determine
the remaining bits of the connection. By taking the definition of the curvature R and
projecting to θ¯ = 0, one finds W ν˙µ˙A = 12R
ν˙µ˙A|θ¯=0. The remaining component of W is
determined by taking the derivative of the curvature formula and projecting to θ¯ = 0. One
finds W µ˙A2 = −13∇α˙Rα˙µ˙A|θ¯=0 − 16Rα˙µ˙bfbα˙A|θ¯=0. This gives the formula
W µ˙A = δµ˙A +
1
2
θ¯α˙R
α˙µ˙A|θ¯=0 −
1
6
θ¯2∇α˙Rα˙µ˙A|θ¯=0 −
1
12
θ¯2Rα˙
µ˙bfb
α˙A|θ¯=0. (2.91)
Within conformal superspace, all of the θ¯-dependent terms vanish, giving
Eµ˙A = δµ˙A, hµ˙a = 0 (2.92)
Therefore the chiral projector is simply defined as
P[V ] =
∫
d2θ¯V = −1
4
∂µ˙∂
µ˙V = −1
4
∇¯2V (2.93)
where the last equality follows due to the simplicity of the connections in this gauge. Since
the left and right sides of this equation transform the same way under gauge transformations,
their equality in this special gauge implies their equality in any.
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Since the result is suspiciously simple, we should check that this approach works for
minimal supergravity where the chiral projector is known to be not so simple. There the
vierbein should take the general form
Eµ˙A = δµ˙A − 1
12
θ¯2Rα˙
µ˙bfb
α˙A|θ¯=0 (2.94)
since the relevant torsion components vanish. The only curvature in Poincare´ superspace is
the Lorentz curvature, and it is straightforward to evaluate the term appearing here. One
finds
Eµ˙A = δµ˙A − δµ˙Aθ¯2R (2.95)
for the vierbein (as well as a non-vanishing spin connection which we will ignore since it
turns out not to matter). The chiral projection formula becomes
P[V ] =
∫
d2θ¯(1 + 2θ¯2R)V = 2RV − 1
4
∂µ˙∂
µ˙V = −1
4
(∇¯2 − 8R)V (2.96)
Here the spin connection is not zero but it contributes nothing when ∇¯2 acts on a field
without dotted indices, and so ∇¯2 in this gauge is as simple in Poincare´ superspace as it is
in conformal superspace.
In either formalism, the conversion from a D to an F-term proceeds straightforwardly.
Using (A.85), we find ∫
d4xd4θE V =
∫
d4xd2θE P[V ]. (2.97)
where the second integration is understood to occur at θ¯ = 0. Although the operations
above were performed in a specific θ¯ gauge, the final results have been written in a gauge-
invariant manner. In fact, since the gauge-fixing procedure undertaken had no effect on the
fields at θ¯ = 0, the right hand side of the above equation must be independent of our gauge
choices.
2.7.1 F-term integrations
We have shown that any D-term can be written as an F -term. It is still necessary to
evaluate the component Lagrangian corresponding to an F -term. A chiral integral has the
form ∫
d4x d2θ EW, (2.98)
an integral over the superspace slice where θ¯ = 0. W is a chiral superfield transforming
under the gauge group in order to leave the full action invariant.
We can evaluate this integral by the method of gauge-fixing, much like how we derived
the D to F integral conversion formula. The first step is to use the θ-dependent part of the
gauge transformations to fix the connections.9 In a way entirely analogous to what we did
in the previous section, we may choose10
Wµ
A = δµ
A +
1
2
θαRαµ
A|θ=0 − 1
6
θ2∇αRαµA|θ=0 + 1
12
θ2Rµ
αbfbα
A|θ=0. (2.99)
9 It is useful to note that whether or not we gauge-fixed the θ¯-dependent part of the connections is
irrelevant for evaluating an F -term as its integral occurs at θ¯ = 0.
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by exhausting the remaining θ-dependence of gA. Here the projection to θ¯ = 0 has also
already been done, so we will avoid indicating it explicitly.
In conformal superspace, this expression is extremely simple. It gives
Eµ
A = δµ
A, hµ
a = 0 (2.100)
The F -term integration then becomes
LF =
∫
d4x d2θ eW = −1
4
e∂µ∂µW − 1
2
∂µe∂µW − 1
4
(∂µ∂µe)W (2.101)
The first term is rather simple. In our gauge choice, it is easy to see that ∇α∇αW =
∂α∂αW when θ = θ¯ = 0. The other terms are usually constructed in the literature from
supersymmetric completion of this term; here we will evaluate them directly in this gauge.
For example,
∂µe = e(∂µEm
a)ea
m = e(∂mEµ
a + Tµm
a)ea
m = 0 + eTµβ˙
aEm
β˙ea
m = ie(σaψ¯a)µ (2.102)
where we have used Eµ
a| = 0 as well as the torsion constraint Tγβa = Tγba = 0. This allows
us to evaluate the second term of LF ; we find ie(ψ¯aσ¯a)α∇αW/2 (since ∂αW = ∇αW at
θ = θ¯ = 0 in this gauge.)
The remaining third term is slightly more complicated. One begins with
∂µ∂µe = ∂
µ(eTµα˙
aEm
α˙ea
m) (2.103)
The outer spinorial derivative acts on each term in parentheses except the torsion (which is
constant). From differentiating e, we find the term e(ψ¯aσ¯
aσbψ¯b). From the inverse vierbein,
one gets −e(ψ¯aσ¯bσaψ¯b). From the gravitino one finds no additional terms. This leads to
∂µ∂µe = 4e(ψ¯aσ
abψ¯b) (2.104)
which gives the chiral Lagrangian
LF =
∫
d2θ EW = e
(
−1
4
∇α∇αW + i
2
(ψ¯aσ¯a)
α∇αW − (ψ¯aσabψ¯b)W
)
(2.105)
where the projection to θ = θ¯ = 0 is implicit.
Again, we may repeat this process for Poincare´ superspace. One finds
Eµ
A = δµ
A − δµAθ2R¯ (2.106)
and for the F-term
LF =
∫
d2θ e (1 + 2θ2R¯)W = −1
4
e∂µ∂µW − 1
2
∂µe∂µW − 1
4
(∂µ∂µe)W + 2R¯W (2.107)
The first and second terms are evaluated as before. The third gains an extra contribution
of −16eR¯ from (2.103) when the spinorial derivative hits the gravitino. This gives the chiral
Lagrangian
LF =
∫
d2θ EW = e
(
−1
4
∇α∇αW + i
2
(ψ¯aσ¯a)
α∇αW − (ψ¯aσabψ¯b)W + 6R¯W
)
(2.108)
where the projection to θ = θ¯ = 0 is implicit.
10This last gauge-fixing has an interesting effect on θ. Their Einstein index is now effectively a Lorentz
index, since every Lorentz rotation which would alter the vierbein must be countered by a P -gauge (or
coordinate) transformation. The θ’s are therefore the same as the Θ variables of [10]. Their F -terms are
written
R
d2ΘE where Θ is equivalent to θ and their E is half of ours when we go to this gauge.
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2.7.2 D-term integrations
Within conformal superspace, the F-term component Lagrangian is
LF =
∫
d2θ EW = e
(
F +
i
√
2
2
(ψ¯aσ¯aρ)− (ψ¯aσ¯abψ¯b)W
)
(2.109)
where
F ≡ −1
4
∇2W | and ρα ≡ 1√
2
∇αW | (2.110)
A D-term can be divided into two terms, one evaluated via a chiral integration and the
other via an antichiral integration in order to give a manifestly Hermitean action:∫
d4θ E V =
1
2
∫
d2θ E U + 1
2
∫
d2θ¯ E¯ U¯ (2.111)
where U ≡ −14∇¯2V and U¯ ≡ −14∇2V are the chiral and antichiral projections of V . These
two F-terms can then be evaluated using the F-term formula giving the general D-term
formula
LD =
∫
d4θ E V = e
(
1
2
(F + F¯ ) + i
√
2
4
(
ψ¯aσ¯
aρ+ ψaσ
aρ¯
)− 1
2
(ψ¯aσ¯abψ¯b)U − 1
2
(ψaσabψb)U¯
)
(2.112)
where
U ≡ −1
4
∇¯2V |, F ≡ 1
16
∇2∇¯2V |, and ρα ≡ − 1
4
√
2
∇α∇¯2V | (2.113)
The fields F are actually not quite independent fields. In terms of the D-term of V , they
are
F = D +
1
2
∇c∇cV + i
2
∇cV c (2.114)
F¯ = D +
1
2
∇c∇cV − i
2
∇cV c (2.115)
where11
D ≡ 1
16
∇α∇¯2∇αV = 1
16
∇¯α˙∇2∇¯α˙V (2.116)
Vc ≡ −1
2
σ¯α˙αc [∇α, ∇¯α˙]V (2.117)
The imaginary part of the fields F and F¯ is the divergence of the vector component of V .
When evaluating a D-term integral, it is occasionally useful to use the fields D rather than
F .
11As in normal superspace, one must be careful to note that ∇c is covariant even with respect to super-
symmetry. That is,
∇c = ec
m
„
∇m −
1
2
ψm
α∇α
«
= ec
m
„
∂m −
1
2
ψm
α∇α − hm
aXa
«
where α denotes both spinor indices. In fact, were we to treat supersymmetry as a gauge theory in normal
space with internal symmetry operators Q which happened to include translations in their algebra, we would
denote 1
2
ψm
α as the gauge field associated with the generator Qα. Then the above formula is simply the
covariant derivative. There is a further mild complication in conformal superspace: ∇c will include the
gauge action of Sα; therefore, a superconformal covariant derivative includes not only terms higher in the
multiplet (due to Q), but also terms lower in the multiplet (due to S).
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2.8 Ka¨hler structure of conformal superspace of chiral superfields
It turns out that the conformal superspace of an arbitrary set of scalar chiral superfields
possesses a simple Ka¨hler structure due to its relation to the Ka¨hler manifold CPn.
Suppose we are furnished with a set of chiral primary superfields ΦI where I = 0, 1, . . . , n.
Our action consists in general of a D-term and an F-term which respectively take the forms
LD = −3
∫
d4θ E Z(ΦI , Φ¯I), LF =
∫
d2θ E P (ΦI) (2.118)
where Z is some real non-negative function of the fields with ∆(Z) = 2 and P is some
chiral function with ∆(P ) = 3 and w(P ) = 2. (The assumption of non-negativity of Z
is ultimately for stability of the underlying Einstein-Hilbert term. The factor of 3 is for
convenience.) We can take the Φi as parametrizing some complex manifold. In order for
Z to have a nonzero scaling weight, at least one of the Φi must have ∆i 6= 0. We will
assume without loss of generality that this is Φ0 (by renaming the fields if necessary) and
that ∆0 = 1 (by redefining Φ0 → (Φ0)1/∆0 if necessary).
It is then possible to trade the fields Φj with j ≥ 1 for projective fields ξj which have
zero weight. (The simplest way of doing this is by defining ξj ≡ Φj/Φ∆j0 .) Since the fields
ξj have vanishing scaling weight, the fields Z and P in this parametrization are restricted
in their form to
Z = Φ0Φ¯0 exp (−K/3) , P = Φ30W (2.119)
where K = K(ξj, ξ¯j) is some real function of the projective fields and W = W (ξj) is some
chiral function.12 (The choice of this definition for real K is possible only if Z is assumed
to be non-negative.) It is obvious that both Z and P , viewed as functions of the complex
manifold spanned by the Φi, are independent of the projective representation chosen. A
different representation is induced on the projective coordinates by the mapping
Φ0 → Φ0 exp(F/3), K → K + F + F¯ , W → e−FW (2.120)
where F = F (ξj) is a holomorphic function of the projective parameters. (For example, trad-
ing Φ0 for Φ1 as the field to project with is accomplished by choosing F = 3 log(Φ1/Φ0) =
3 log(ξ1).) The above transformation law is simply a Ka¨hler transformation, and the man-
ifold under discussion is the complex projective space CPn, a simple example of a Ka¨hler
manifold.
The two actions then take the form
LD = −3
∫
d4θ E Φ¯0e
−K/3Φ0, LF =
∫
d2θ E Φ30W (2.121)
where W is chiral and K is real. The factor of e−K/3 is reminiscent of eV for a theory with
an internal U(1)K symmetry; this U(1)K is gauged not by an independent gauge multiplet
but by the other chiral fields. We may make the U(1)K more manifest in the following
manner. Define a new complex superfield Ψ0 by
Ψ0 ≡ e−K/6Φ0, Ψ¯0 ≡ e−K/6Φ¯0 (2.122)
12Since Φ0 has scaling weight 1 and chiral weight 2/3 (their ratio is fixed at 3/2 for any primary chiral
superfield) P has the correct scaling and chiral weights for an F-term.
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under which the actions become
−3
∫
d4θ E Ψ¯0Ψ0,
∫
d2θ E Ψ30 eK/2W
The new field Ψ0 and effective superpotential e
K/2W are the only objects (besidesK) which
transform under Ka¨hler transformations:
Ψ0 → exp
(
+
i
3
ImF
)
Ψ0, Ψ¯0 → exp
(
− i
3
ImF
)
Ψ¯0 (2.123)
eK/2W → exp (−iImF ) eK/2W, eK/2W¯ → exp (+iImF ) eK/2W¯ (2.124)
We normalize the generator of Ka¨hler transformations, k, by requiring the above Ka¨hler
transformation to correspond to exp (−ImF k/2). In this way the Ka¨hler weights of Ψ0 and
eK/2W are set to be -2/3 and 2, respectively:
kΨ0 = −i2
3
Ψ0, k e
K/2W = +2ieK/2W
(Note that eK/2W is chiral from the point of view of the Ka¨hler covariant derivative, which
carries a Ka¨hler connection.) This normalization is purely a matter of convention; it is
chosen so that eK/2W possesses the same Ka¨hler and U(1) weights.
The Ka¨hler covariant derivative then takes the form
∇K ≡ ∇− Ak (2.125)
where k is the generator of the Ka¨hler transformations. The Ka¨hler connection A is defined
in terms of the Ka¨hler potential K:
Aα = +
i
4
∇αK, Aα˙ = − i
4
∇α˙K
Aαα˙ =
i
2
(∇αAα˙ +∇α˙Aα) = 1
8
[∇α,∇α˙]K (2.126)
(In these formulae, the function K is a primary scalar superfield and is therefore invariant
under all the generators of the superconformal algebra.) The definition of Aαα˙ is conven-
tional; it is chosen so that {∇Kα ,∇Kα˙ } = −2i∇Kαα˙.
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3 Degauging to Poincare´
Poincare´ superspace lacks the explicit scaling and conformal symmetries enjoyed by con-
formal superspace. It may also, depending on the flavor of supergravity chosen, lack the
U(1) R-symmetry. Converting conformal supergravity to one of the flavors of Poincare´
supergravity must then involve some measure of gauge-fixing. We will demonstrate how
this is accomplished by first reducing the conformal multiplet to a theory with an explicit
U(1) symmetry and a nonlinearly realized conformal symmetry. To guide our path, we first
review in broad strokes how it works without supersymmetry; the details of this can be
found in [4].
3.1 Review: Conformal gravity and the Einstein-Hilbert Lagrangian
Conformal gravity consists of the following gauge connections:
Wm = em
aPa +
1
2
ωm
baMab + bmD + fm
aKa (3.1)
We will denote by R˘ the curvatures of the conformal theory and by R the Poincare´ curva-
tures. One usually takes the constraint of vanishing conformal torsion (which is equivalent
to vanishing Poincare´ torsion) to determine the spin connection ωm
ba in terms of the vier-
bein and the scaling gauge field bm. One also would like to express the special conformal
gauge field fm
a in terms of other fields; this can be done by taking the conformal Ricci
tensor to vanish, R˘mn
baeb
n = 0. Having done so, one finds
fm
a = −1
4
(
Rma − 1
6
em
aR
)
(3.2)
where Rma = Rmnbaebn is the Poincare´ Ricci tensor and R = Rmaeam the Poincare´ Ricci
scalar. One further, for simplicity, usually adopts the K-gauge choice bm = 0. (This is
possible since δK(ǫ)bm = −2emaǫa allows one to gauge bm away.)
Having made these constraints and gauge choices, one then examines the simplest con-
formal action for a scalar field φ with ∆ = 1:
e−1L = 1
2
φ∇a∇aφ = −1
2
∇aφ∇aφ− 1
2
Tba
aφ∇bφ− faaφ2 (3.3)
(We have integrated the covariant d’Alembertian by parts.) The torsion term vanishes by
assumption. The term involving ∇aφ also vanishes if we fix the remaining D-gauge by
gauging φ to the constant φ0:
∇aφ0 = eam∂mφ0 = 0
(There is no scaling connection in the above expression since bm = 0 has been chosen as
our K-gauge.) This leaves for the Lagrangian
e−1L = 1
2
φ0∇a∇aφ0 = −faaφ20 = +
1
12
Rφ20 (3.4)
This is almost the Einstein-Hilbert term −R/2 (in units where the reduced Planck mass is
unity). We need only start with the wrong sign for the kinetic term and then choose φ20 = 6.
If we had started with a complex gauge field φ, the Lagrangian would have been
e−1L = φ∗∇a∇aφ = −∇aφ∗∇aφ− 2faa |φ|2 (3.5)
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We may gauge |φ| = φ0 but not the phase of φ, which we shall denote ω. This gives
e−1L = φ∗∇a∇aφ = −φ20∂mω∂mω +
1
6
Rφ20 (3.6)
Gauging φ20 = 3 and choosing to flip the sign of the Lagrangian gives back the Einstein-
Hilbert term; unfortunately this also leaves an unstable kinetic term for ω. A model with
an additional gauged U(1) symmetry would be able to dispense with this phase. The
superconformal algebra has such a symmetry, and we will find it is the supersymmetric
version of this model with a complex φ which reproduces the minimal version of Poincare´
supergravity.
3.2 U(1) superspace
In conformal gravity, the scaling gauge field bm was the only field that transformed under
the special conformal symmetry; moreover, this symmetry was precisely enough to allow
the choice bm = 0. The latter property is also enjoyed in the superconformal case, even
though not every other field is K-inert. It is here that we begin our gauge fixing procedure.
Recall that under the action of KA with parameter ǫ
A, δKBM = −2ǫAEMA(−)a. If we
choose ǫA = ηMEM
A(−)a, then we find δKBM = −2ηM and we can freely choose the gauge
B = 0. The generator D then drops out of the covariant derivative. We also have chosen a
gauge for KA and so we ought not to consider KA a symmetry any longer. We denote this
by the breakdown of the conformally covariant derivative ∇ to the Poincare´ derivative D.
Since KA is no longer considered a symmetry, the fields fM
A are now auxiliary. In
order to analyze the various properties of these objects, we must make use of the conformal
curvatures. Most of these (torsion, Lorentz, and U(1)) can be viewed as the Poincare´
versions with additional terms arising from the conformal gauge fields. The remaining
ones (special conformal and scaling) have no Poincare´ versions and so give pure constraints
among the various fields fM
A. After examining all the conformal constraints we will show
that they reduce to the Poincare´ constraints with precisely the auxiliary fields of U(1)
superspace.
For reference, we give here the relations among the various objects in the gauge where
B = 0. For the conformal/Poincare´ curvatures,
F˘BA = FBA + 3ifBAw(A) − 3ifABw(B) (3.7)
T˘CB
A = TCB
A +
1
2
f[C
DCD
A
B] (3.8)
R˘DC
βα = RDC
βα + 2δ[D
bfC]
a(ǫσab)
βα + 2δ[D
{βfC]α}(−)C (3.9)
For the purely conformal curvatures,
H˘BA = 2fBA(−)a − 2fAB(−)b (3.10)
˘R(K)CB
A
= D[CfB]A + TCBDfDA +
1
2
f[CDCB]
AD − 1
2
f[C
DfB]
FCFD
A (3.11)
The covariant derivative appearing in R(K) is Poincare´. fM
A is understood to transform as
a Lorentz vector on the index A and to possess a scaling weight of λ(A) and a U(1) weight of
−w(A). (These latter two weights mean fMA transforms oppositely under scalings and the
U(1) as EM
A.) In the above and subsequent formulae, we will use the combination fB
A =
EB
MfM
A, which possesses scaling and U(1) weights of λ(A) + λ(B) and −(w(A) +w(B)),
respectively.
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3.2.1 Constraint analysis
We shall start with the scaling curvature:
H˘BA = (dB)BA + 2fBA(−)a − 2fAB(−)b
Since B has been gauged away, the constraints on the HBA give constraints on the fields
fM
A. These are:
H˘βα = 0 =⇒ fβα = −fαβ = −ǫβαR¯ (3.12)
H˘β˙α˙ = 0 =⇒ fβ˙α˙ = −fα˙β˙ = +ǫβ˙α˙R (3.13)
H˘βα˙ = 0 =⇒ fβα˙ = −fα˙β = −1
2
Gβα˙ (3.14)
H˘βa = 0 =⇒ fβa = −faβ (3.15)
The above serve as definitions of the fields R and Gc. The complex conjugation properties
of the above identities tell us R¯ = R† and Gc = (Gc)†. The scaling weights of these objects
are ∆(R) = ∆(R¯) = 2 and ∆(Gc) = 2; the U(1) weights are w(R) = −w(R¯) = 2 and
w(Gc) = 0.
The next set of constraints to analyze are those of the U(1) curvature. Recall
F˘BA = FBA + 3ifBAw(A) − 3ifABw(B)
which leads to
F˘βα = 0 =⇒ Fβα = 0 (3.16)
F˘β˙α˙ = 0 =⇒ Fβ˙α˙ = 0 (3.17)
F˘βα˙ = 0 =⇒ Fβα˙ = 6ifβα˙ = −3iGβα˙ (3.18)
F˘βa = 0 =⇒ Fβa = −3ifβa (3.19)
F˘β˙a = 0 =⇒ Fβ˙a = +3ifβ˙a (3.20)
Now consider the torsion. Noting that
T˘CB
A = TCB
A +
1
2
F[C
DCD
A
B] (3.21)
one can see the only torsions which differ between the conformal and Poincare´ cases are
those with A fermionic and either C or B (or both) bosonic. Thus the constraints on the
conformal torsions pass unchanged for the fermion/fermion form indices:
T˘γβ
A = 0 =⇒ TγβA = 0 (3.22)
T˘γ˙β˙
A = 0 =⇒ Tγ˙β˙A = 0 (3.23)
T˘γβ˙
α = 0 =⇒ Tγβ˙α = 0 (3.24)
T˘γβ˙
a = 2iσa
γβ˙
=⇒ Tγβ˙α = 2iσaγβ˙ (3.25)
For the fermion/boson form indices, it is only slightly more complicated:
T˘γb
α = 0 =⇒ Tγ(ββ˙)α = +iǫβαGγβ˙ (3.26)
T˘γ˙b
α = 0 =⇒ Tγ˙(ββ˙)α = −2iǫγ˙β˙ǫβαR (3.27)
T˘γb
a = 0 =⇒ Tγba = 0 (3.28)
T˘γ˙b
a = 0 =⇒ Tγ˙ba = 0 (3.29)
26
The only other torsion constraint was T˘cb
a = 0, which gives the same constraint on the
Poincare´ torsion
T˘cb
a = 0 =⇒ Tcba = 0. (3.30)
The Lorentz curvature is quite simple to analyze:
R˘δγβα = 0 =⇒ Rδγβα = 4(ǫδβǫγα + ǫδαǫγβ)R¯ (3.31)
R˘δγβ˙α˙ = 0 =⇒ Rδγβ˙α˙ = 0 (3.32)
R˘δ˙γ˙βα = 0 =⇒ Rδ˙γ˙βα = 0 (3.33)
R˘δ˙γ˙β˙α˙ = 0 =⇒ Rδ˙γ˙β˙α˙ = 4(ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)R (3.34)
R˘δγ˙βα = 0 =⇒ Rδγ˙βα = −ǫδβGαγ˙ − ǫδαGβγ˙ (3.35)
R˘δγ˙β˙α˙ = 0 =⇒ Rδγ˙β˙α˙ = −ǫγ˙β˙Gδα˙ − ǫγ˙α˙Gδβ˙ (3.36)
The remaining curvatures are:
R˘(K)γβα = 0 =⇒ DαR¯ = 0 (3.37)
R˘(K)γβα˙ = 0 =⇒ fγ(βα˙) + fβ(γα˙) = −
i
2
D{γGβ}α˙ (3.38)
R˘(K)γβa = 0 =⇒ D{γfβ}(αα˙) = +2iG{γα˙ǫβ}αR¯ (3.39)
R˘(K)γβ˙α = 0 =⇒ fγ(αβ˙) − 2fα(γβ˙) =
i
2
DγGαβ˙ − iǫγαDβ˙R¯ (3.40)
R˘(K)γβ˙a = 0 =⇒ f(ββ˙)(αα˙) =
i
2
D{βfβ˙}(αα˙) + 2ǫβαǫβ˙α˙RR¯+
1
2
Gαβ˙Gβα˙ (3.41)
(We have used the spinor notation fγ(βα˙) ≡ fγc σcβα˙ as well as f(ββ˙)(αα˙) ≡ fba σaαα˙ σbββ˙.) The
first condition indicates that R¯ is an antichiral superfield; its complex conjugate tells that
R is chiral. The second and fourth equations can be combined to yield
3ifβ(αα˙) = +
1
2
DβGαα˙ +DαGβα˙ + ǫβαDα˙R¯ (3.42)
as well as its conjugate
3ifβ˙(αα˙) = −
1
2
Dβ˙Gαα˙ −Dα˙Gαβ˙ − ǫβ˙α˙DαR. (3.43)
This result can be substituted into the third equation, yielding
D2Gc = 4iDcR¯, D¯2Gc = −4iDcR (3.44)
The result given for fβa allows the determination of Fβa:
Fβ(αα˙) = −3ifβ(αα˙) = −
3
2
DβGαα˙ − ǫβαX¯α˙ (3.45)
Fβ˙(αα˙) = +3ifβ˙(αα˙) = −
3
2
Dβ˙Gαα˙ − ǫβ˙α˙Xα (3.46)
where
Xβ ≡ DβR−Dβ˙Gββ˙ , X¯β˙ ≡ Dβ˙R¯−DβGββ˙ (3.47)
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just as in U(1) superspace. Furthermore, (3.44) implies (after some algebra) the chirality
of Xα:
Dα˙Xα = 0, DαXα˙ = 0 (3.48)
Finally the fourth R(K) constraint gives
f(ββ˙)(αα˙) =
i
2
D{βfβ˙}(αα˙) + 2ǫβαǫβ˙α˙RR¯+
1
2
Gαβ˙Gβα˙
=− 1
12
[Dβ,Dβ˙ ]Gαα˙ −
1
6
DβDα˙Gαβ˙ +
1
6
Dβ˙DαGβα˙
− 1
12
ǫβ˙α˙ǫβα(D2R+ D¯2R¯) + 2ǫβ˙α˙ǫβαRR¯+
1
2
Gαβ˙Gβα˙ (3.49)
The special conformal gauge field fB
A is now entirely specified in terms of superfields R
and Gc.
It is worth pausing a moment to take stock of our position. We have now checked
that every constraint taken in conformal superspace reproduces (in the B = 0 gauge) a
known result in U(1) superspace; in particular, we have reproduced among our relations
the constraint structure of U(1) superspace. Since the U(1) constraints uniquely specify
U(1) superspace, the gauge B = 0 of our constrained conformal superspacemust correspond
to the standard U(1) superspace. All further checks are merely tests of consistency.
3.2.2 Some consistency checks
• Torsion
The only torsion components we have not yet discussed are those which we did not
constrain: Tcb
α. These also differ between conformal and Poincare´ theories. Using
T˘cb
α = Tcb
α + if[cδ˙σ¯
δ˙α
b]
one finds
T(γγ˙)(ββ˙)α = +2ǫγ˙β˙Wγβα + ǫαβ
(
Dβ˙Gγγ˙ +
2
3
ǫβ˙γ˙Xγ
)
− ǫαγ
(
Dγ˙Gββ˙ +
2
3
ǫγ˙β˙Xβ
)
(3.50)
T(γγ˙)(ββ˙)α˙ = −2ǫγβWγ˙β˙α˙ + ǫα˙β˙
(
DβGγγ˙ + 2
3
ǫβγX¯γ˙
)
− ǫα˙γ˙
(
DγGββ˙ +
2
3
ǫγβX¯β˙
)
(3.51)
This is equivalent to the corresponding formulae in equations (B-2.12) through (B-
2.18) of [8]; therefore, the torsion of U(1) supergravity is equivalent to the B = 0
gauge of conformal superspace.
• Lorentz curvatures
The Lorentz curvatures in their canonically decomposed form are
R˘DC
βα = RDC
βα + 2δ[D
bfC]
a(ǫσab)
βα + 2δ[D
{βfC]α}(−)C (3.52)
The case of purely fermionic form indices has already been dealt with. Turn next to
the fermion/boson case:
R˘δ(γγ˙)βα = Rδ(γγ˙)βα +
∑
βα
(−ǫγαfδ(βγ˙) + 2ǫδβfα(γγ˙)) (3.53)
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Noting that R˘δ(γγ˙)βα = 0 and inserting the explicit expression for fβ(αα˙), one finds
Rδ(γγ˙)βα = +i
∑
βα
(
1
2
ǫδγDβGαγ˙ + 1
2
ǫδβDγGαγ˙ − ǫδβǫγαD¯γ˙R¯
)
(3.54)
as in U(1) superspace [8]. The other Lorentz curvature term we need to calculate is
Rδ˙(γγ˙)βα = R˘δ˙(γγ˙)βα +
∑
βα
fδ˙(βγ˙)ǫγα
= −4iǫδ˙γ˙Wγβα +
∑
βα
ǫγα
(
i
6
Dδ˙Gβγ˙ +
i
3
Dγ˙Gβδ˙ +
i
3
ǫδ˙γ˙DβR
)
= −4iǫδ˙γ˙Wγβα + i
∑
βα
ǫγα
(
1
2
Dδ˙Gβγ˙ +
1
3
ǫδ˙γ˙Xβ
)
which is also as in U(1) superspace [8].
At the dimension 2 level, results are a bit more interesting. Using (3.9), one finds
R(δδ˙)(γγ˙)βα = R˘(δδ˙)(γγ˙)βα +
∑
βα
(
f(δδ˙)(βγ˙)ǫγα − f(γγ˙)(βδ˙)ǫδα
)
(3.55)
Recall that
R˘(δδ˙)(γγ˙)βα = +2ǫδ˙γ˙χδγβα⌣
− 1
4
ǫδ˙γ˙
∑
(δγ)
∑
(βα)
ǫδβDφWφγα (3.56)
where
χδγβα
⌣
≡ 1
4
(DδWγβα +DγWδβα +DβWγδα +DαWγβδ).
We would like to show that (3.55) reduces to
R(δδ˙)(γγ˙)βα = +2ǫδ˙γ˙χδγβα − 2ǫδγǫβ˙α˙ψδ˙γ˙βα (3.57)
where
χδγβα = χδγβα
⌣
+ (ǫδβǫγα + ǫδαǫγβ)χ (3.58)
ψδγβ˙α˙ =
1
8
∑
δγ
∑
β˙α˙
(
Gδβ˙Gγα˙ −
1
2
[Dδ,Dβ˙ ]Gγα˙
)
(3.59)
χ = − 1
12
(D2R+ D¯2R¯) + 1
48
[Dα,Dα˙]Gαα˙ − 1
8
Gαα˙Gαα˙ + 2RR¯ (3.60)
This is a straightforward (albeit tiresome) check. Some intermediate results help:∑
βα
f(βφ˙)(α
φ˙) = −DφWφβα (3.61)
∑
δ˙γ˙
∑
βα
f(βδ˙)(αγ˙) = 4ψδ˙γ˙βα (3.62)
f(φφ˙)
(φφ˙) = 4χ (3.63)
which allow the complete expression of the f terms from (3.55) in terms of the relevant
Poincare´ quantities. For example, (3.61) allows for the cancellation of the similar
DφWφβα terms in (3.56); the remaining terms involving ψ and χ combine with χδγβα
⌣
to give the Poincare´ Lorentz curvature.
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• Scaling and U(1) curvatures
The only U(1) curvature we haven’t discussed yet is Fba, but this is the same in both
conformal and Poincare´ theories. We have
F(γγ˙)(ββ˙) = 2ǫγ˙β˙F˜γβ − 2ǫγβF˜γ˙β˙
where DφWφβα = 4i3 F˜βα. This is exactly as in [8] (aside from the extra factor of i).
For the scaling curvature,
H(γγ˙)(ββ˙) = 2ǫγ˙β˙H˜γβ − 2ǫγβH˜γ˙β˙
where DφWφβα = +2H˜βα. This is easily checked explicitly. Since H(γγ˙)(ββ˙) =
2f(ββ˙)(αα˙) − 2f(αα˙)(ββ˙), it follows that
H˜βα = −1
2
∑
βα
f(βφ˙)(α
φ˙) = +
1
2
DφWφβα,
as needed.
• Special conformal curvatures
These are by far the most complicated expressions remaining to check. The ones
remaining for us to examine are R(K)γbA and R(K)cbA, which amount to five extra
checks to perform. These give no extra insight or relations beyond those we already
have, so we will avoid evaluating them explicitly here.
3.2.3 Conformal symmetry of U(1) superspace
If U(1) superspace is indeed a gauge-fixed version of a fully conformal superspace, then it
must permit some form of scale transformation. This must be more than that of Howe and
Tucker [14] since those authors were restricted to a chiral parameter in order to preserve the
minimal torsion constraints. In fact, an unrestricted transformation does exist. Binetruy,
Girardi, and Grimm [8] showed that the minimal matter coupling e−K/3 could be absorbed
into the frame of the vierbein provided the minimal superspace structure was enlarged
to include a U(1) superconnection. This can be understood as an unconstrained scale
transformation.13
They postulated a transformation for the vierbein
E′M
A
= EM
BXB
A (3.64)
with a parameter XB
A of the form
XB
A =

 δb
aXX¯ Xb
α Xb α˙
0 δβ
αX 0
0 0 δβ˙ α˙ X¯

 (3.65)
where
Xb
α ≡ i
2
(ǫσb)
α
α˙X¯
−1D¯α˙(XX¯), Xbα˙ ≡ i
2
(ǫσ¯b)α˙
αX−1Dα(XX¯) (3.66)
13Enlarging the structure group is not the only way to do this. Instead, one may choose fewer torsion
constraints in Poincare´ supergravity, which allow the superfield Tα in addition to R, Wαβγ and Gc. One can
show (see for example [17]) that this Tα is essentially Aα.
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is required to preserve torsion constraints. Otherwise, the factors X and X¯ are totally
unconstrained. By investigating the constraints of U(1) superspace, they found the required
transformation rules of the superfields
R′ = (X¯)−2
(
R− 1
8
(XX¯)−2D¯2(XX¯)2
)
(3.67)
G′αα˙ = (XX¯)
−1
(
Gαα˙ − 1
2
[Dα, D¯α˙] log(XX¯) + YαY¯α˙
)
(3.68)
W ′αβγ = (XX¯)
−1(X¯)−1Wαβγ (3.69)
where YA ≡ DA log(XX¯). Although they restricted to the case where the U(1) connection
was initially zero, it is simple to extend to the case of a non-vanishing initial connection:
A′M = AM − i
1
2
ZM − 3i
2
EM
αYα +
3i
2
EMα˙Y¯
α˙ +
3
4
EM
αα˙YαY¯α˙ (3.70)
where ZM ≡ ∂M log(X/X¯). Without loss of generality, the superfields X and X¯ can be
written
X = exp(−Λ/2 + iΩ), X¯ = exp(−Λ/2− iΩ), (3.71)
for real superfields Ω and Λ. The infinitesimal transformation rules are
δEm
a = −ΛEma (3.72)
δEm
α =
(
−1
2
Λ + iΩ
)
Em
α − i
2
(ǫσm)
α
α˙D¯α˙Λ (3.73)
δR = (Λ + 2iΩ)R+
1
4
D¯2Λ (3.74)
δGαα˙ = ΛGαα˙ +
1
2
[Dα, D¯α˙]Λ (3.75)
δWαβγ =
(
3
2
Λ + iΩ
)
Wαβγ (3.76)
δAM = ∂MΩ+
3i
2
EM
αDαΛ− 3i
2
EMα˙Dα˙Λ (3.77)
(Of the fields in the supervierbein, we have listed only those corresponding to the graviton
and the gravitino. The other components of the supervierbein also transform, but they
are unphysical so we’ll ignore them for simplicity.) The above set of transformation rules
is quite interesting. For the most part, they have the form of scale (Λ) and chiral (Ω)
transformations, with A as the gauge field for the chiral transformations; however, for
every term other than Em
a, Wαβγ , and Aαα˙, there are modifications which depend on the
derivative of the scale parameter Λ.
These extra modifications can be viewed as requirements forced by the torsion and
curvature constraints of U(1) superspace, but they can also be viewed as having a deeper
geometrical origin. Our claim was that U(1) superspace is a gauge-fixed version of conformal
superspace. This is straightforward to see. The variation of the field BM under D and K
transformations is
δBM = ∂MΛ− 2EMAǫA(−)a
where ǫA is the parameter for K transformations and Λ that of D. If we demand that
BM = 0 remain fixed, then every scale transformation must be accompanied by a K-
transformation with ǫA = (−)a 12DAΛ. It is this corresponding K-transformation which
generates the additional derivatives of Λ.
Consider first the vierbein. Under a K-transformation, δKEM
A = 12EM
CǫBCABC ,
which corresponds to
δKEm
a = 0
δKEm
α = −iǫβ˙σ¯β˙αm =
i
2
Dβ˙Λσ¯β˙α˙m
for the graviton and gravitino, reproducing the additional terms exactly. Take the U(1)
connection next. Under a K-transformation, δKAM = −3iw(A)EMAǫA. Plugging in for ǫ
we find
δKAM =
3i
2
w(A)EM
ADAΛ
as expected.
The fields R andGαβ˙ are a bit more complicated. Recall that they are themselves related
to the K-gauge fields by fα˙β˙ = ǫα˙β˙R and fαβ˙ = −Gαβ˙/2. The rule for the transformation
of fMβ˙ is δKfMβ˙ = DM ǫβ˙ − iEMβǫββ˙ which corresponds to
δKGαβ˙ = DαDβ˙Λ + iDαβ˙Λ =
1
2
[Dα,Dβ˙ ]Λ.
For R, using δKfα˙β˙ = ǫα˙β˙D¯2Λ/4 gives
δKR = D¯2Λ/4
These are precisely the extra terms enforced by the torsion constraints.
Finally note that Wαβγ is a chiral primary superfield; thus it is inert under K and so
has no extra terms.
3.3 Old minimal supergravity
We break the explicit scale invariance of the superspace theory by following as closely as
possible the non-supersymmetric case. There a compensating matter field Φ was introduced
with unit scaling weight. The D-gauge was then used to scale Φ to a constant, explicitly
breaking the scale invariance and collapsing the kinetic Lagrangian into the Einstein-Hilbert
term.
An analogous procedure can be undertaken in superspace. We must make use of a
compensating superfield, and the simplest one is a chiral field. We denote it Φ0, assume it
to have a scaling weight of ∆(Φ0) = 1 (and therefore a chiral weight of ω(Φ0) = 2/3). The
kinetic multiplet for Φ0 is just the superspace D-term
− 3
∫
E˘ Φ¯0Φ0 (3.78)
(Here and in the following we use˘over the measure to denote when we are in the conformal
frame where the gauge is unfixed.) We would like to gauge Φ0 = 1. That converts the kinetic
action into the supervolume, which reproduces the supersymmetrized Einstein-Hilbert term.
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First let us note some things. After gauge-fixing Φ0 to a constant, we are left with an
issue of consistency, the equation of chirality for Φ0:
0 = ∇α˙Φ0 =
(
Dα˙ −Bα˙ − 2i
3
Aα˙
)
Φ0 (3.79)
We have explicitly used all of the K-gauge to fix B = 0. When Φ0 is gauged to a constant,
Aα˙ = 0 follows. A corresponding analysis with Φ¯0 leads us to conclude Aα vanishes as well.
Using Fαα˙ = (dA)αα˙ = −3iGαα˙, one can immediately deduce Aαα˙ = −32Gαα˙. The U(1)
symmetry is broken; the bosonic component of A has become the auxiliary field Gc.
The superfield R also ultimately has an origin in the unfixed gauge. Recall that the
F-term of the field Φ0 was defined using the conformal superspace derivatives. We must
convert these to Poincare´ derivatives, giving, after gauge-fixing Φ0 to a constant,
F = −1
4
∇2Φ0 = −1
4
(D2 − 8R¯)Φ0 = 2R¯Φ0 (3.80)
The anti-chiral superfield R¯ is itself nothing more than the F-term of the chiral compensator,
which is a well-known result. 14
3.3.1 The chiral compensator and super-Weyl transformations
The normal approach to conformal supergravity [13] makes use of a chiral field Φ0, intro-
duced as a book-keeping device, whose bosonic component is used to fix the normalization
of the Einstein-Hilbert term while the rest of the components are set to zero. This is
completely analogous to the theory discussed above, except in those formulations the com-
pensator is fixed at the component level. This theory also possesses a residual “super-Weyl”
symmetry.
Begin with a model where the only field with scaling or chiral weight is the compensator
Φ0. It must therefore be employed to make the conformal D and F-terms invariant. These
take the form
LD =
∫
d4θ E˘ Φ0Φ¯0 V, LF =
∫
d2θ E˘ Φ30 W (3.81)
Although V and W are generic real and chiral superfields of vanishing scaling and chiral
weights, they possess a residual symmetry:
Φ0 → Φ0e2Σ, V → e−2Σ−2Σ¯V, W → e−6ΣW (3.82)
where Σ is a chiral field of vanishing scaling and chiral weights. If we work in the gauge
where Φ0 = 1, the above redefinition of the chiral compensator must be compensated by
an honest conformal transformation with a rescaling Λ = −Σ − Σ¯ and a U(1) rotation
Ω = 2i3 (Σ− Σ¯). This combined redefinition and conformal transformation is the super-Weyl
transformation of Howe and Tucker [14] which preserves the form of the minimal Poincare´
torsion constraints. V transforms as a real super-Weyl field with weight 2, W as a chiral
super-Weyl field of weight 3, and the superdeterminant of the vierbein, E, as a real super-
Weyl field with weight -2. (The transformation rules on the superfields R, Gc, the graviton,
and gravitino can be derived from (3.72-3.76).)
14 It can be shown (see for example [8]) that the theory above, with a remnant U(1) field, can be converted
to the theory of Wess and Bagger, where the U(1) connection is entirely absent, by a simple modification of
the torsion components.
33
The conformal transformations discussed in this article must be contrasted with these
super-Weyl transformations. The former are unconstrained in superspace; the latter are
highly constrained in superspace (the Σ must be chiral) but correspond to unconstrained
superconformal transformations at the component level.
3.3.2 Integral relations between various formulations
We have several types of integrals – D and F, gauge fixed and unfixed – that describe the
same physics, and we should demonstrate how they are related to each other.
The F-term action in conformal superspace can be rewritten∫
d2θ E˘ Φ30 W = −
1
4
∫
d2θ E˘ ∇¯2
(
Φ¯0Φ
3
0W
F¯
)
(3.83)
where F¯ ≡ −14∇¯2Φ¯0. (The equivalency follows since the only non-chiral term in the paren-
theses is Φ¯0, whose derivatives are cancelled by the denominator.) This is equivalent to a
D-term:
− 1
4
∫
d2θ E˘ ∇¯2
(
Φ¯0Φ
3
0W
F¯
)
=
∫
d4θ E˘
Φ¯0Φ
3
0W
F¯
(3.84)
Now we gauge Φ0 to one. This leaves the inverse of the F-component of Φ¯0, but this is
nothing more than the chiral field R. Thus we find the following set of equalities:∫
d2θ E˘ Φ30 W =
∫
d2θ E W = 1
2
∫
d4θ
E
R
W (3.85)
The term on the left is the expression for the chiral F-term in the presence of a conformal
multiplet. The term in the middle is the chiral F-term after conformal gauge-fixing. The
term on the right is the form of the chiral F-term used in [8]. Since the difference between
the first and third terms is just a gauge-fixing, it should make no difference when we fix
the gauge. Therefore if we were to evaluate the first term completely within conformal
superspace and then gauge-fix, we would necessarily arrive at the same answer as the term
on the right.15
To address the D-term, first note that in conformal superspace one can easily convert a
D to an F-term:∫
d4θ E˘ Φ¯0Φ0 V =
∫
d2θ E˘Φ0
(
F¯ V − 1
2
∇α˙Φ¯0∇α˙V − Φ¯0 1
4
∇2V
)
=
∫
d2θ E˘
(
2RΦ¯0Φ0V − Φ0
2
∇α˙Φ¯0∇α˙V − Φ¯0Φ0 1
4
∇2V
)
(3.86)
(Here V has zero scaling weight.) Now, let us gauge fix Φ0 to unity and equate the first
and final steps. We find ∫
d4θ E V = −1
4
∫
d2θ E(D¯2 − 8R)V (3.87)
15 One may also note that the rather curious form of 1/2R as the term converting from an F to a D-term
can be understood as a delta function. In particular, using the result of Apppendix A.2.5, the chiral delta
function is of a general form ∆ = X/P [X]. For the case of X = 1, this gives ∆ = −1/ 1
4
(D¯2−8R)(1) = 1/2R.
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This tells us that the proper way in Poincare´ superspace to convert a D to an F-term is
through the use of the chiral Poincare´ projector. This is actually quite intuitive if we use
our other F to D-term conversion formula:∫
d4θ E V = −1
4
∫
d2θ E (D¯2 − 8R)V = −1
8
∫
d4θ
E
R
(D¯2 − 8R)V (3.88)
The equality of the first and third terms follows by integration by parts in Poincare´ super-
space.16
3.4 Ka¨hler supergravity
A general set of chiral fields coupled to conformal supergravity generically has D and F-
terms
LD = −3
∫
d4θ E˘ Φ¯0e
−K/3Φ0, LF =
∫
d2θ E˘ Φ30W (3.89)
for chiral primary superfield Φ0 with ∆ = 1 and ω = 2/3. K is real and W is chiral,
both with vanishing scale and chiral weights. The actions are invariant under a Ka¨hler
transformation
K → K + F + F¯ (3.90)
Φ0 → Φ0e+F/3, Φ¯0 → Φ¯0e+F¯ /3 (3.91)
W → e−FW, W¯ → e−F¯W (3.92)
Here the superfields F and F¯ are chiral/antichiral respectively. K is a real function of Ka¨hler
chiral matter fields ξi and ξ¯i with vanishing conformal weight, and W is a function of only
the chiral ones ξi. In the language of complex manifolds, W is a holomorphic function and
K a real function. The transformation fields F and F¯ are, respectively, holomorphic and
antiholomorphic functions of the chiral and anti-chiral Ka¨hler matter fields. Note that the
Ka¨hler transformation has no effect a priori on the supergravity sector.
There are two straightforward ways to accomplish a conformal gauge fixing. The first
is to gauge Φ0 to one. As the Ka¨hler transformations alter Φ0, a corresponding conformal
transformation must compensate every Ka¨hler transforation. This is the well-known Howe-
Tucker transformation[14], which when combined with the given Ka¨hler transformations of
K andW render the D and F-terms invariant. Unfortunately, the D-term action then yields
a non-canonical Einstein-Hilbert term. There are two traditional methods for dealing with
this. One may rescale fields at the component level in a quite complicated fashion; this is
the path taken in [10]. One may also leave Φ0 unscaled until the very end of the calculation;
this is the chiral compensator approach popularized by Kugo and Uehara [13].
A newer method is that of Binetruy, Girardi, and Grimm [8]. They demonstrated that
enlarging to U(1) superspace from a minimal Poincare´ superspace allowed an arbitrary
super-Weyl transformation to absorb the factor e−K/3 into E. From our point of view,
their approach has a very simple interpretation. Rather than scale Φ0 = 1, choose the
gauge Φ0 = e
K/6. The equation of chirality then reads 0 = D¯α˙Φ0 = Dα˙Φ0 − 2i3 Aα˙Φ0 which
implies Aα˙ = − i4Dα˙K. The antichirality of Φ0 similarly implies Aα = i4DαK. The Poincare´
16Note the significance of these steps. Within conformal superspace as in flat supersymmetry, one can
convert from a D to an F-term, but the reverse is not an easily defined operation. Upon gauge-fixing to
minimal Poincare´ superspace, we gain the field R which allows us to do so.
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constraint Fαα˙ = −3iGαα˙ then gives Aαα˙. The entire connection is given in terms of K and
Gαα˙:
Aα = +
i
4
DαK, Aα˙ = − i
4
Dα˙K
Aαα˙ = −3
2
Gαα˙ +
1
8
[Dα,Dα˙]K (3.93)
The imaginary part of the Ka¨hler transformation now plays the role of the U(1) R-symmetry;
the real part is equivalent to a super-Weyl transformation and corresponds to a rescaling
of Φ0.
Alternatively, one may absorb the Ka¨hler potential into the fields Φ0 to define Ka¨hler-
covariant fields Ψ0 as in (2.122). Then the gauge choice Ψ0 = 1 gives
0 = ∇Kα˙ Ψ0 = −
2i
3
Aα˙ +
2i
3
Aα˙ =⇒ Aα˙ = Aα˙ (3.94)
where Aα˙ is the U(1) connection and Aα˙ = − i4Dα˙K is the Ka¨hler connection. We arrive
at the same result as (3.93). The gauge Ψ0 = 1 breaks one combination of the U(1) and
Ka¨hler symmetries, leaving the combination where the U(1) and Ka¨hler transform together.
Therefore an effective transformation on the matter fields (the Ka¨hler transformation) has
been extended to the entire frame of superspace (by merging it with the U(1) R-symmetry).
3.5 New minimal supergravity
In both of the prior cases, we have used the simplest superfield, a chiral one with eight
components, to gauge fix to Poincare´ supergravity. Needless to say this is not the only
choice. Another minimal choice would be a linear multiplet, which also contains eight
components. We begin with a real linear superfield L, obeying
∇2L = ∇¯2L = 0 (3.95)
From the superconformal algebra, we know that Lmust possess a scaling weight of ∆(L) = 2
and, by reality, a vanishing U(1) weight. This latter feature will leave the U(1) gauge
symmetry unaffected by the gauge-fixing procedure.
Before fixing the gauge L = 1, one important feature of the linear multiplet must be
discussed. Due to the linearity constraint, [∇2, ∇¯2]L = 0, which implies ∇α˙α[∇α, ∇¯α˙]L = 0
– the divergence of the vector component of L vanishes. In global supersymmetry, this
implies the vector component is the dual of a three-form, but in supergravity this statement
is modified by terms involving the gravitino. The simplest way to derive this behavior is
to consider the two-form potential BMN , whose three-form field strength H = dB obeys a
Bianchi identity, dH = 0. Following [17] and [8], one chooses H to obey the constraints
0 = Hγβα = Hγβa = Hγ˙β˙a (3.96)
Then as a consequence of the Bianchi identities, one can show that
Hγβ˙
a = 2iσa
γβ˙
L (3.97)
Hγba = 2(σba)γ
φ∇φL, H γ˙ ba = 2(σ¯ba)γ˙ φ˙∇¯φ˙L (3.98)
Hcba = ǫcba
d∆dL (3.99)
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where L is a linear superfield and where we have defined
∆αα˙L ≡ −1
2
[∇α, ∇¯α˙]L. (3.100)
It follows that the dual of the three form is
1
3!
ǫpnmlHnml = ea
p∆aL− i
2
ǫpnmℓ(ψnσmψ¯ℓ)L+ i(ψnσ
np)φ∇φL− i(ψ¯nσ¯np)φ˙∇φ˙L
=
1
2
ǫpnmℓ∂nBmℓ (3.101)
Let us now gauge fix L = 1. The equations of linearity become, in Poincare´ superspace,
(D2 − 8R¯)L = (D¯2 − 8R)L = 0 (3.102)
Since L is a constant, the only way this can be satisfied is if R = R¯ = 0. From the relations
relating R to Gc, this necessarily implies DcGc = 0. Noting that
− 2∆αα˙L = [∇α, ∇¯α˙]L = [Dα,Dα˙]L− 4Gαα˙L (3.103)
and that both DαL and Dα˙L vanish (we have gauged B to zero, and the U(1) connection
appears in neither expression since L has no chiral weight), we derive that
∆aL = 2Ga (3.104)
in the gauge where L = 1. It follows that
ea
pGa| = 1
4
ǫpnmℓ∂nbmℓ +
i
4
ǫpnmℓ(ψnσmψ¯ℓ) (3.105)
where bmℓ denotes the bosonic lowest component Bmℓ|.
The bosonic two-form bmℓ corresponds to three real bosonic components (after account-
ing for its gauge invariance). The superfield R vanishes so no component field M is gener-
ated. However, the U(1) symmetry has not been broken, and so we will have in our off-shell
spectrum the bosonic field Am which is the gauge field of the chiral gauge symmetry, giving
three bosonic components. As in the (old) minimal model, we have introduced six extra
bosonic degrees of freedom to close the supergravity algebra off-shell.
The immediate candidate for the simplest D-term action is∫
d4θ E˘ L (3.106)
However, using the D to F conversion in conformal superspace, this becomes∫
d4θ E˘ L = −1
4
∫
d2θ E ∇¯2L = 0. (3.107)
The linearity condition tells us that this simple integral vanishes. This immediately implies
(after gauging L to one) that in the new minimal Poincare´ superspace the integral of the
supervolume vanishes:
∫
d4θ E = 0. This is a well-known property of the new minimal
model, and nothing more meaningful than the fact that R = 0 [15].
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To derive the form of the new minimal supergravity action, we will use a duality trans-
form (as discussed in [16]) to transform a chiral compensator to a linear one. The properly
normalized Einstein-Hilbert action is derivable from
− 3
∫
d4θ E˘ Φ0Φ¯0 (3.108)
after fixing the gauge Φ0 = 1. This action can in turn be derived from the first-order action
− 3
∫
d4θ E˘
(
X − L log(X/Φ0Φ¯0)
)
(3.109)
where L is a linear superfield, X is an arbitrary real superfield of scaling weight 2, and Φ0
is some chiral superfield of scaling weight 1. (Although the theory seems to depend on Φ0,
this is illusory since the components of Φ0 are modified by the redefinition Φ0 → Φ0eF/3 for
chiral F under which the first-order action is invariant.) Since a linear superfield L can be
written as L = ∇α∇¯2Ωα+h.c. for Ωα with ∆ = 1/2 and w = −1, an action of the form LZ
has an L equation of motion which sets Z = S + S¯ for chiral field S of vanishing conformal
weight. Thus varying L gives X = Φ0Φ¯0, up to chiral and antichiral fields which can be
absorbed into a redefinition of Φ0. This in turn restores the original action. On the other
hand, we may vary X to conclude X = L, which gives the action
− 3
∫
d4θ E˘
(
L− L log(L/Φ0Φ¯0)
)
=
∫
d4θ E˘ LVR (3.110)
where we have defined VR ≡ 3 log(L/Φ0Φ¯0) and dropped the term linear in L since a linear
superfield has vanishing D-term. VR is a scalar field with vanishing conformal and chiral
weights, although it does possess a symmetry VR → VR − F − F¯ with chiral field F .
The prior gauge choice Φ0 = Φ¯0 = 1 which gave a properly normalized Einstein-Hilbert
term here corresponds to L = 1. Choosing this gauge gives the simple action
∫
d4θ E VR
where VR = −3 log(Φ0Φ¯0). It is fairly simple to see now what sort of object VR is. Since
we have gauge-fixed the scale symmetry in addition to fixing B = 0, the structure group of
our space differs only from Poincare´ supergravity by the presence of a U(1) R-symmetry.
These fields Φ0 and Φ¯0 are covariantly chiral with respect to a derivative containing the
corresponding U(1) connection. Any U(1) theory of covariantly chiral superfields Φ (Dα˙Φ =
0) may be related to a theory with Einstein chiral superfields φ (Dα˙φ = Eα˙
M∂Mφ) and a
U(1) prepotential V ,
Φ¯Φ→ φ¯e−V/3φ
By choosing F appropriately, one may eliminate φ, arriving at VR = V .
While this is the simplest explanation for what VR is, it is somewhat unsatisfying since
throughout this paper we have avoided discussing prepotentials. To arrive at the some point
by a rather more circuitous route, one begins by partially fixing the U(1) gauge which at
the moment is still a full superfield symmetry. We choose Φ0 = Φ¯0; that is, set their relative
phase to zero. The symmetry Φ0 → Φ0eF/3 must be compensated with a chiral rotation
with parameter Ω = i4(F − F¯ ). We have now fixed the unconstrained U(1) parameter
to the imaginary part of a chiral parameter, and we see immediately that VR transforms
suspiciously as if it were the prepotential of such a chiral version of R-symmetry. If we
evaluate the spinorial derivatives of VR, we find this is exactly so. Begin with
DαVR = −3 1
Φ0
DαΦ0 = −3DαΦ0
Φ0
+ 2iAα
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and then note that since as functions Φ0 = Φ¯0,
DαΦ0 = DαΦ¯0 = −2i
3
AαΦ¯0 = −2i
3
AαΦ0
where we have used the chirality condition of Φ¯0. It follows that
DαVR = 4iAα, Dα˙VR = −4iAα˙. (3.111)
VR plays here the role of the U(1) R-symmetry prepotential, and so the term
∫
d4θ E VR is
nothing more than the U(1) Fayet-Iliopolous term.
From our point of view, evaluating the D-term of VR is particularly easy. One considers
VR in its original form involving Φ. One can evaluate the D-term component Lagrangian
directly. After integrating a number of terms by parts, one arrives at17
e−1
∫
d4θ E VR =
1
2
DαXα − i
2
(ψmσ
m)α˙X
α˙ − i
2
(ψ¯mσ¯
m)αXα
+ (Ap +
3
2
ep
cGc)×
(
−4Gbebp + iǫpnmℓ(ψnσmψ¯ℓ)
)
(3.112)
The combination Ap +
3
2ep
cGc can be thought of as the U(1) connection if one chooses
to define the bosonic derivative so that Fαα˙ vanishes. (Recall that Fαα˙ = −3iGαα˙ in our
convention.)
Using the definition for the lowest component of Gb, one finds
e−1
∫
d4θ E VR =
1
2
DαXα − i
2
(ψmσ
m)α˙X
α˙ − i
2
(ψ¯mσ¯
m)αXα
− ǫpnmℓ(Ap + 3
2
ep
cGc)∂nbmℓ (3.113)
The Einstein-Hilbert action will be contained within DαXα and the Rarita-Schwinger action
within the terms involving Xα and X
α˙. The remaining term, while involving the gauge
potential Ap directly, is gauge invariant when integrated by parts.
Recall that DαXα is as defined in U(1) superspace [8] and obeys the equality
D2R+ D¯2R¯ = −2
3
Rba
ba − 2
3
DαXα + 4GaGa + 32RR¯
Since R = 0, this equation serves to define
1
2
DαXα ≡ −1
2
Rba
ba + 3GaGa
= −1
2
R− i(ψbσaT ab)− i(ψ¯bσ¯aT ab)− i
2
ǫkℓmnGkψℓσmψ¯n + 3G
aGa
Using (ψmσ
mX¯) = −2(ψmσmσ¯cbTcb) and its conjugate, it is straightforward to derive
e−1
∫
d4θ E VR =− 1
2
R+ 1
2
ǫkℓmn(ψ¯kσ¯ℓD′mψn)−
1
2
ǫkℓmn(ψkσℓD′mψ¯n)− ǫpnmℓA′p∂nbmℓ
where
A′m ≡ Am +
3
4
em
aGm
17The calculation of this total expression can be simplified by noting that any terms which shift under the
chiral transformation of Φ, such as Dα log Φ, must have vanishing coefficients.
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and D′ is defined with A′ as its U(1) connection. (This latter definition corresponds to
choosing Fαα˙ = −3i2 Gαα˙ in defining the bosonic derivative.)
In pure new minimal supergravity, the equation of motion of the two-form enforces the
A′ connection to (at least locally) be pure gauge, A′ = dλ. The A′ equation of motion on
the other hand gives
0 = ǫkℓmn
(
∂ℓbmn + iψℓσmψ¯n
)
Aside from the coupling of the gravitino to the field A′, the auxiliary sector is that of a
simple abelian BF model with topological action
∫
b ∧ dA′ and no propagating degrees of
freedom.
3.5.1 New minimal supergravity coupled to matter
For reference, we include here the simplest couplings of new minimal supergravity to chiral
matter of vanishing U(1)R charge. (This last condition forbids a superpotential, so these
models are quite simple ones.) One can derive these by performing a duality transforma-
tion from the Ka¨hler multiplet, where Ψ0 is covariantly chiral with respect to a U(1)K .
The modification consists simply of exchanging Φ0 with Ψ0 in the definition of VR, which
essentially shifts VR to VR +K. The kinetic matter coupling of new minimal supergravity
is then ∫
d4θ E K (3.114)
as in global supersymmetry. Evaluating this is straightforward. One simply replaces Xα
and Am associated with VR with X
K
α and A
K
m. Provided we make the definitions
XKα = −
1
8
D¯2DαK, XKα˙ = −
1
8
D2D¯α˙K (3.115)
and
AKm = −
1
2
em
a∆aK +
i
4
ψm
αDαK − i
4
ψmα˙D¯α˙K (3.116)
one finds∫
d4θ E K = −1
2
DαXKα +
i
2
(ψσX¯K) +
i
2
(ψ¯σ¯XK) +
1
2
ǫkℓmnAKk ∂ℓbmn (3.117)
Unlike in old minimal supergravity, the presence of a Ka¨hler potential does not lead to extra
additions to the Einstein-Hilbert term. This is known to be altered when the chiral matter
carries a U(1)R charge (see for example [18]).
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4 Conclusion
We have constructed the fully conformal superspace and found its nonvanishing curvatures
to be uniquely described in terms of a single superfield Wαβγ . This is an unsurprising
result since it was long known at the linearized level. Similarly we have demonstrated how
U(1) superspace is related to a certain gauge of the full conformal superspace; this too is
unsurprising, as it was anticipated in [17]. Finally, the various Poincare´ formulations of
superspace have been explicitly constructed at the superspace level within the conformal
framework in a way more clearly, we believe, than it had been done in the past. For example,
the construction of [8] whereby the Ka¨hler potential is absorbed into the supergravity
multiplet seems especially simple in this approach.
Beyond notational and theoretical elegance, is there anything genuinely new this ap-
proach can offer? Perhaps. Noting that the old minimal to Ka¨hler frame conversion was
reproduced here quite easily, one may inquire whether in new minimal superspace there
exists an analogous absorbing of the Ka¨hler potential into the frame of superspace. For the
simplest chiral models this is not necessary since it turns out the coupling of chiral matter
does not affect the normalization of the Einstein-Hilbert term. However, when non-chiral
matter is considered, the story becomes more complicated. In particular, one can show that
the condition of R = 0 in the new minimal model is relaxed in the presence of certain types
of matter, just as Xα = 0 is broken in the minimal model when conversion to the Ka¨hler
frame is undertaken. We hope to analyze this situation further in the future.
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A Geometric preliminaries
A.1 Global spacetime symmetries
The global structure of the conformal symmetry groups of arbitrary manifolds (with or
without torsion and Grassmann coordinates) benefits from first discussing a simple example:
the conformal group on four dimensional Minkowski (or Euclidean) space.
A.1.1 The conformal group
The flat metric, ds2 = dxmdxnηnm, is preserved up to a conformal factor by the differential
generators18
pa = ∂a, (1 + ξ · p)xm = xm + ξm
mab = −xa∂b + xb∂a,
(
1 +
1
2
ωbamab
)
xm = xm − ωmnxn
d = x · ∂, (1 + λd)xm = xm + λxm
ka = 2xa x · ∂ − x2∂a, (1 + ǫ · k)xm = xm + 2(ǫ · x)xm − x2ǫm (A.1)
The special conformal generator ka can also be thought of as a spatial inversion, followed
by a translation and then another spatial inversion.
These generators are represented on fields by the operators Pa, Mab, D, and Ka with
the following algebra:
[Mab, Pc] = Paηbc − Pbηac, [Mab,Kc] = Kaηbc −Kbηac (A.2)
[Mab,Mcd] = ηbcMad − ηacMbd − ηbdMac + ηadMbc (A.3)
[D,Pa] = Pa, [D,Ka] = −Ka (A.4)
[Ka, Pb] = 2ηabD − 2Mab (A.5)
where all other commutators vanish. The action of such generators on fields is defined by
their action at the origin. One usually takes for conformally primary fields Φ,
PaΦ(0) = ∂aΦ(0), MabΦ(0) = SabΦ(0), DΦ(0) = ∆Φ(0), KaΦ(0) = 0 (A.6)
Here Sab is a differential rotation matrix appropriate for whatever representation of the
rotation group Φ belongs to, ∆ is the conformal scaling dimension, and the vanishing of
Ka is called the primary condition. In order to discern the transformation rules at points
beyond the origin, one must make use of the translation operator ex·P to translate from the
origin. This is formally a Taylor expansion:
Φ(x) = ex·PΦ(0) = Φ(0) + xaPaΦ(0) +
1
2
xaxbPaPbΦ(0) + . . .
= Φ(0) + xa∂aΦ(0) +
1
2
xaxb∂a∂bΦ(0) + . . .
The operator Pa acts only on the field Φ, returning its derivative, and has no action on the
coordinate x, which is here just a parameter. The same is true for the other operators.
18The convention used here for the generators eliminates factors of i in group elements while making most
of the generators anti-Hermitian.
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If g is any generator of the conformal algebra, the action of g on Φ(x) can be calculated
easily by making use of the translation operator:
gΦ(x) = ex·P e−x·P gex·PΦ(0) ≡ ex·P g˜(x)Φ(0) (A.7)
where g˜(x) ≡ e−x·P gex·P is an abbreviated notation for the translated g. It follows that
P˜a(x) = Pa, D˜(x) = D + x
aPa, M˜ab(x) =Mab − x[aPb]
K˜a(x) = Ka + 2xaD − 2xbMab + 2xaxbPb − x2Pa (A.8)
If these operators are taken to act on a pure function, they reproduce the derivative rep-
resentations (A.1). It should be noted that the algebra of the derivative representations
differs by a sign from the algebra of the field representations; the former can be thought of
as a left action on the group manifold with the latter corresponding to a right action which
yields an opposite sign in the commutator.
On a more general field these expansions involve extra terms appropriate for Φ’s repre-
sentation. For a primary field,
DΦ(x) = ∆Φ+ xa∂aΦ, MabΦ(x) = SabΦ(x)− x[a∂b]Φ(x)
KaΦ(x) =
(
2xa∆− 2xbSab + 2xaxb∂b − x2∂a
)
Φ(x) (A.9)
The algebraic relations are simply applied. For example,
DPaΦ(x) = [D,Pa]Φ(x) + Pa
(
∆+ xbPb
)
Φ(x) = (∆ + 1)PaΦ(x) + x
bPbPaΦ(x)
from which one can define the intrinsic scaling dimension of ∂aΦ(x) as ∆+1. Similarly can
one determine the behavior of the Lorentz rotation and special conformal generators:
MbcPaΦ(x) =
(
Sbcδda + ηa[cδdb]
)
∂dΦ(x)− x[b∂c]∂aΦ(x)
=S ′bc∂aΦ(x)− x[b∂c]∂aΦ(x) (A.10)
KbPaΦ(x) = (2ηba∆− 2Sba)Φ(x) + 2xb(∆ + 1)∂aΦ(x)
− 2xc
(
Sbcδda + ηa[cδdb]
)
∂dΦ(x) +
(
2xbxc∂c − x2∂b
)
∂aΦ(x)
=κbaΦ(x) +
(
2xb∆
′ − 2xcS ′bc + 2xbxc∂c − x2∂b
)
∂aΦ(x) (A.11)
Both have precisely the forms expected, where ∆′ and S′bc are the conformal dimension
and rotation matrix appropriate for ∂aΦ(x). The only interesting feature is that the spe-
cial conformal generator removes the derivative; at the origin, KbPaΦ(0) = κbaΦ(0) =
(2ηba∆− 2Sba)Φ(0). This same feature is found in the local theory.
The conformal group action we’ve discussed above involves transformations only on the
fields, leaving the coordinate invariant. That is, the action of a differential generator g is
x→ x, Φ→ Φ′(x) = Φ(x) + gΦ(x) (A.12)
If we begin with the action S =
∫
d4x L (with the Lagrangian a function of fields and
perhaps also the coordinate), the action of g is only on the fields:
δgS =
∫
d4x
(
δL
δΦ
gΦ +
δL
δ∂aΦ
g∂aΦ
)
(A.13)
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For the case where g = ξ · P , one finds gΦ = ξ · ∂Φ and g∂aΦ = ξ · ∂∂aΦ. The term in
parentheses is then equivalent to dLdx − ∂L∂x . The first term vanishes as a total derivative;
the second must also vanish, which tells that the Lagrangian cannot contain an explicit
dependence on the coordinate. For the other choices of g, the obvious results are recovered:
the Lagrangian must have ∆ = 4, it must be a Lorentz scalar, and it must be conformally
primary. The simplest conformal action involving a single primary scalar field of dimension
one is L = φ∂2φ/2−aφ4. (The only non-trivial check is to ensure the kinetic term vanishes
at the origin under the action of the special conformal generator.)
The approach outlined above has the feature that it places all the transformation into
the fields themselves. One often finds reference to a formalism where both the coordinates
and the fields transform:
x→ x′, Φ(x)→ Φ′(x′) (A.14)
For example, under translations and finite scalings, one would have
x→ x′ = x− a, Φ(x)→ Φ′(x′) = Φ(x) (A.15)
x→ x′ = e−λx, Φ(x)→ Φ′(x′) = e∆λΦ(x) (A.16)
The part of g which acts as a coordinate shift has been moved off the fields and onto the
coordinate explicitly; the remaining action of g can be thought of as a generalized rotation
operation, which vanishes if the field Φ is a pure function. The main reason this approach is
employed is that it allows conformal transformations on scalar fields (but only scalar fields)
to be compactly written
x→ x′, φ(x)→ φ′(x′) =
∣∣∣∣∂x′∂x
∣∣∣∣
−∆/4
φ(x). (A.17)
where ∆ is the conformal scaling dimension of φ. Invariance of the action can then be
checked in one step for all the elements of the conformal group. The φ4 term, for exam-
ple, transforms as
∫
d4x φ(x)4 → ∫ d4x′φ′(x′)4 = ∫ d4xJJ−∆φ(x)4 where J = |∂x′/∂x|.
Invariance is found for ∆ = 1.
A.1.2 Constant torsion
We will ultimately be concerned with a theory containing torsion, so it is useful to review
the effects torsion induces. Assume the manifold possesses translation generators Pa with
nontrivial (but constant) torsion: [Pa, Pb] = −CabcPc. All other points x relative to the
priveleged origin are defined by the condition f(x) = ex·Pf(0) for pure functions f .19
By Taylor’s theorem, the Pa in the exponent is playing the same role as ∂a and so they
are equivalent when evaluated on the function at the origin. However, since the Pa do
not commute, the operator ex·P acting on a function f(y) does not return f(x + y) since
ex·P ey·P 6= e(x+y)·P .
Now let Φ be a field valued on the manifold. All covariant fields Φ are simple representa-
tions of the translational isometries, obeying Φ(x) = ex·PΦ(0). There are three reasonable
but inequivalent notions of differentiation, which we denote the normal, left, and right
19The index contraction x · P should be understood as xmδm
aPa. We will shortly discover a nontrivial
vierbein arising from the torsion, but it does not appear in the translation group element.
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differentiation:
∂aΦ(x) ≡ ∂
∂xa
[
ex·PΦ(0)
]
(A.18)
D(L)a Φ(x) ≡ Paex·PΦ(0) (A.19)
D(R)a Φ(x) ≡ ex·PPaΦ(0) (A.20)
In each of these definitions, the operation on the left is some sort of derivative on the group
translation element ex·P of the general form
D(L)a = e
(L)
a
m
(x)∂m, D
(R)
a = e
(R)
a
m
(x)∂m, (A.21)
where ∂m is to be understood as a derivative on the group parameters x
m and e(L)a
m
(x)
and e(R)a
m
(x) are functions of x chosen so that the definitions are satisfied. They are found
most easily by differentiating with respect to x and moving all the P ’s to the left or to the
right:
∂me
x·P = e(L)m
a
(x)Pae
x·P , ∂mex·P = ex·P e(R)m
a
(x)Pa
It is interesting to note the group commutation rules of these various derivative oper-
ations, which follow directly from their definitions. The normal differentiation has trivial
commutator, [∂a, ∂b] = 0, since these operations are simply derivatives of their parame-
ter. Left differentiation is not so straightforward. First consider the product of two such
operations:
D(L)a D
(L)
b Φ(x) = D
(L)
a Pbe
xPΦ = PbD
(L)
a e
xPΦ = PbPae
xPΦ (A.22)
Since D
(L)
a acts only on the translation generator as a series of derivatives on its parameters,
it passes through the group generators. Here the order of operations has reversed, which
reverses the sign of the commutator:
[D(L)a ,D
(L)
b ]Φ(x) = [Pb, Pa]e
xPΦ = +Cab
cD(L)c Φ(x) (A.23)
A similar calculation with the right differentiation operators shows that they preserve the
order, and we find
[D(R)a ,D
(R)
b ]Φ(x) = −CabcD(R)c Φ(x) (A.24)
The left and right derivatives formally commute with each other since they naturally
place their corresponding Pa generators on opposite sides of the translation group element:
D(L)a D
(R)
b e
x·PΦ = D(L)a e
x·PPbΦ = Paex·PPbΦ = D
(R)
b D
(L)
a e
x·PΦ (A.25)
While each of these is interesting, only the right derivative is translationally covariant:
ex·PD(R)a Φ(x0) = e
x·P ex0·PPaΦ = D(R)a Φ(e
x·Px0). (A.26)
(It is a straightforward exercise to show that the other derivative operations do not obey
this rule unless torsion vanishes.) Therefore we may identify D
(R)
a ≡ Da as the covariant
derivative, and e(R)a
m ≡ eam as the physical vierbein. It can be easily calculated by noting
em
aPa ≡ e−x·P∂mex·P
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The result is20
em
a = δm
a − 1
2
xbCmb
a +
1
3!
xbxcCmb
dCdc
a + . . . (A.27)
where the C’s are understood to all possess Lorentz indices. (That is, the only vierbein in
the expression is on the left hand side, and so this is an explicit, if unclosed, expression for
the vierbein.) The above expansion can be written in a matrix form. Define the function
f(u) = (eu − 1)/u; then e = f(xC) where (xC)ab ≡ xcCcab. It follows that the inverse
vierbein can be expanded using the reciprocal:
ea
m = (1/f(xC))a
m = δa
m +
1
2
xbCab
m +
1
12
xbxcCab
dCdc
m + . . . (A.28)
This relation for the vierbein can be shown to obey ∂[nem]
a = en
cem
bCcb
a which shows that
the torsion Tnm
a, in this flat case, is given in the Lorentz frame by the coefficients Ccb
a.
The above formalism is necessary in order to describe global supersymmetry in su-
perspace. Begin with a Grassmann manifold with four bosonic dimensions xa and four
fermionic dimensions θα and θ¯α˙. The translation isometries consist of the bosonic transla-
tions Pa and the fermionic ones Qα and Q¯
α˙, with a torsion term {Qα, Qα˙} = −2iσαα˙aPa.
The torsion term here is found in the anticommutator of the fermionic Q’s. It is useful
to think of this anticommutator as just a normal commutator but with fermionic objects;
whenever fermionic objects pass through each other, a relative sign is introduced, creating
the anticommutator from a commutator.
A superfield Φ(x, θ, θ¯) is defined by the action at the origin: Φ(x, θ, θ¯) = ex·P+θQ+θ¯Q¯Φ.
Since P commutes with Q and Q¯, this can be written as Φ(x, θ, θ¯) = eθQ+θ¯Q¯Φ(x). If we
apply a theta derivative to this superfield, there are two avenues for simplification. One is
to move the Q that is brought down all the way to the left, and the other is to move it all
the way to the right. These two calculations are straightforward and yield
∂αΦ(x, θ, θ¯) = ∂αe
θQ+θ¯Q¯Φ(x) =
(
Qα + iσ
a
αα˙θ¯
α˙Pa
)
eθQ+θ¯Q¯Φ(x)
=
(
D(L)α + iσ
a
αα˙θ¯
α˙Pa
)
Φ(x, θ, θ¯)
and
∂αΦ(x, θ, θ¯) = ∂αe
θQ+θ¯Q¯Φ(x) = eθQ+θ¯Q¯
(
Qα − iσaαα˙θ¯α˙Pa
)
φ
=
(
D(R)α − iσaαα˙θ¯α˙Pa
)
Φ(x, θ, θ¯)
From these we see immediately that the various derivatives have the form
∂α ≡ ∂
∂θα
, D(L)α ≡ ∂α − iσmαα˙θ¯α˙∂m, D(R)α ≡ ∂α + iσmαα˙θ¯α˙∂m (A.29)
Note that in the literature [10], it is the right derivaive which is Dα, the supersymmetry-
covariant derivative. The left derivative is often denoted Qα and represents the super-
symmetry isometry (it preserves the form of the vierbein), which is different from the
supersymmetry-covariant derivative. We will discuss this further in the general context
A.2.3.
20This result can be generalized in the presence of local curvatures; see Appendix A.2.4.
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A.1.3 General case
Let G consist of the full set of symmetry transformations acting on fields on the manifold and
H denote the subgroup spanned by all the elements aside from translations.21 In practice,
these normally consist of rotational, conformal, and any Yang-Mills transformations.
The instrinsic action of G = exp g on Φ is defined by GΦ(0), its action at the origin.
The action of G elsewhere can always be reconstructed using the translations:
GΦ(x) ≡ Gex·PΦ(0) = ex·P G˜(x)Φ(0)
where G˜(x) ≡ e−x·PGex·P . The product group element ex·P G˜ can be rearranged into a part
depending on P and an element of H:
GΦ(x) = Gex·PΦ(0) = ex˜·PHG(x)Φ(0) (A.30)
where HG(x) ∈ H. All of the translations have been absorbed in a redefinition of x → x˜.
On a pure function f(x) this would give Gf(x) = f(x˜), and so x˜ can be thought of as the
action of G induced on x.
The differential version of (A.30) can be compactly written
gΦ(x) = ex·P g˜(x)Φ(0) = ex·P
(
ξag (x)Pa + hg(x)
)
Φ(0)
where we have separated g˜(x) into a part ξg consisting only of translation generators and a
part hg(x) consisting only of generators from H. This formula can be further simplified by
noting the first term involves the covariant derivative:
gΦ(x) = ξagDaΦ(x) + e
x·PhgΦ(0) = ξagea
m∂mΦ(x) + e
x·PhgΦ(0)
The action of g thus induces a shift in the coordinate from xm to x˜m = xm + ξag (x)ea
m(x).
A.2 Local (gauged) spacetime symmetries
In the preceding sections we have discussed the construction of representations of spacetime
symmetry groups which act on fields. There were several unsatisfying elements to this treat-
ment: we had to choose a preferred point, the origin; there existed two alternative methods
of describing the transformations, either as just transforming the fields or transforming the
fields and the coordinates; and there was no clear way to generalize to local transformations.
Each of these objections can be answered by proceeding to a local formulation for the
manifold. Again let Φ(x) denote the field Φ at the point x on the manifold. Let the
symmetry group G consist of generators XA. The action of such symmetry transformations
on a field Φ is local; they transform the field into other fields at the same spacetime point.
That is, δgΦ(x) = g
A(x)XAΦ(x), where g
A(x) is the position-dependent transformation.
Here we view XA as an operator and the product XAΦ as a single object. If instead we
view Φ as a column vector in its appropriate representation, then XAΦ can be identified
as tAΦ where tA is a matrix appropriate to that representation. The latter objects tA are
what are normally considered in treatments of Yang-Mills. It should be noted that their
multiplication rule is backwards from that of the operators. That is, XAXBΦ = XA(tBΦ) =
21When the operators are defined by their action on the coordinates, one often finds H defined as the
subgroup which leaves the origin invariant. The manifold M can therefore be viewed as the coset space
G/H, which is the starting point of the group manifold approach to this same topic.
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tBXAΦ = tBtAΦ since the operator XA passes through the matrix tB . It follows that if the
algebra of the operators is
[XA,XB ] = −fABCXC
then the algebra of the matrices is [tA, tB ] = +fAB
CtC .
The generators can be decomposed into the translation generators Pa (more precisely,
the generators of parallel transport) and the others Xa. The existence of purely scalar,
non-constant fields annihilated by Xa implies that the commutator of two such generators
cannot give a P . In other words, fcb
a = 0 by assumption. (Supersymmetry in normal space
violates this assumption since two internal symmetries Q anticommute to give a translation
P . This is one advantage of using superspace instead.)
Associated with each generator is a gauge connection Wm
A, which can be similarly
decomposed into the vierbein em
a and the others hm
a. This decomposition can be written
Wm
AXA = em
aPa + hm
aXa (A.31)
The nature of the connection is defined by its action on fields:
Φ(x+ dx) = (1 + dxmWm
A(x)XA)Φ(x) (A.32)
where Φ is a scalar on the manifold but possibly nontrivial in the tangent space. (That is,
it may possess Lorentz indices but no Einstein ones.) This equation is equivalent to
∂mΦ(x) =Wm
AXAΦ(x) = em
aPaΦ(x) + hm
aXaΦ(x) (A.33)
which can be read as defining the action of Pa as that of the covariant derivative:
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em
aPaΦ(x) = ∇mΦ(x) =
(
∂m − hmaXa
)
Φ(x) (A.34)
Since the vierbein is generally invertible, PaΦ(x) = ea
m∇mΦ(x) = ∇aΦ(x). Since Pa is
equivalent to the covariant derivative, the algebra of the Pa’s generally develops additional
local elements corresponding to the various curvatures associated with the manifold. That
is, the statement
[∇c,∇b]Φ = −RcbAXAΦ
becomes a property of the algebra itself, [Pc, Pb] = −RcbAXA. This alteration of the algebra
is the only formal consequence when passing from a global to a local theory. In the language
of the algebra, fcb
A = Rcb
A become structure functions in a local theory and depend on the
value of the connections. We will see shortly how this comes about.
Under a gauge transformation, ∂m(δgΦ) = (δgWm
A)XAΦ+Wm
AδgXAΦ, where XAΦ is
considered a single object, leading to the gauge transformation of the connections,
δgWm
A = ∂mg
A +Wm
BgCfCB
A. (A.35)
A finite gauge transformation is found by exponentiating an element of the algebra.
That is, for an element G = exp(g), Φ(x) → Φ′(x) = G(x)Φ(x). Here G is understood as
a power series expansion in g = gAtA where the matrices tA act only on the fields Φ. The
relation (A.33) can also be straightforwardly integrated using a path-ordered exponential
in the matrix language:
Φ(x) = P exp
(∫ x
x0
WAtA
)
Φ(x0). (A.36)
22Pa is the operator which was frequently denoted Πa in older literature, the kinematic momentum, as
opposed to the canonical momentum.
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This equation is strongly reminiscent of a Wilson line, but extended to the full symmetry
group of the tangent space. It can be compactly written Φ(x) = U(x, x0)Φ(x0) where
U(x, x0) is the path-ordered exponential. A derivative yields ∂mΦ(x) = Wm
AtAΦ(x) =
Wm
A(XAΦ)(x). Under a gauge transformation,
Φ(x)→ G(x)Φ(x), U(x, x0)→ U ′(x, x0) = G(x)U(x, x0)G(x0)−1 (A.37)
The integrated rule for the connections can be found by considering x vanishingly near to
x0:
W (x)→W ′(x) = −GdG−1 +GWG−1 (A.38)
In order for the relation (A.36) to be path-independent, any path beginning and ending
on the same point must vanish, U(x, x) = 0. This is equivalent to the condition that the
formal gauge curvature FA = dWA −WBWCfCBA vanishes. It serves not as a restriction
but as a definition of the covariant curvatures R. An explicit calculation of F using [Pc, Pb] =
−RcbAXA yields
RA = dWA − ebhcfcbA − 1
2
hbhcfcb
A (A.39)
as the relation between the covariant curvature (what we normally mean when we say the
“curvature”) and the gauge fields.23
Under a P -gauge transformation, the vierbein varies as a covariant Lie derivative:
δP (ξ)em
a = ∂mξ
a + ξbRbm
a − ξbhmcfcba
= ξn∇nema + ∂mξnena (A.40)
where ξm ≡ ξaeam. One recovers the normal Lie derivative by making corresponding gauge
transformations involving the gauge connections:
Lξema =
{
δP (ξ
mem
a) + δH(ξ
mhm
a)
}
em
a = δGC(ξ)em
a = ξn∂nem
a + ∂mξ
nen
a (A.41)
This rule can be generalized to any function with Einstein indices. Thus a gauge trans-
formation with gauge parameter ξmWm is equivalent to a Lie derivative on the field in
question. This is precisely the behavior expected of a diffeomorphism.
A.2.1 Jacobi and Bianchi identities
The generators XA must obey the Jacobi identity:
0 = [XC , [XB ,XA]] + [XA, [XC ,XB ]] + [XB , [XA,XC ]] (A.42)
Assuming this is obeyed for the global theory, the consequences for the local theory are
simple to derive. Only terms involving the curvatures will differ, so only two classes of
Jacobi identity must be checked: those with two P ’s and a generator of H and those with
three P ’s. Taking
0 = [Xd, [Pc, Pb]] + [Pb, [Xd, Pc]] + [Pc, [Pb,Xd]] (A.43)
23This is the reverse of the usual approach, where one simply defines the covariant derivative and then
calculates the curvatures. The condition F = 0 is then nothing more profound than the commuting of the
coordinate derivatives.
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one finds
XdRcb
A = −RcbF fFdA − fd[cfRfb]A − fd[cfffb]A (A.44)
The term involving two f ’s can be eliminated using the global Jacobi identity, giving24
XdRcb
A = −∆RcbF fFdA − fd[cf∆Rfb]A (A.45)
where ∆RA represents the difference between the curvature in the local theory and in the
global theory; in the cases we’ve discussed, the only curvature in the global theory is the
constant torsion tensor C, so ∆Rcb
a = Rcb
a, but ∆Rcb
a = Tcb
a − Ccba.
The case of the three P ’s is also interesting. The rules found there correspond to the
Bianchi identities for the covariant derivative. They read
0 =
∑
[dcb]
(
∇dTcba + TdcfTfba +Rdcfffba
)
(A.46)
0 =
∑
[dcb]
(
∇dRcba + TdcfRfba +Rdcfffba
)
(A.47)
A.2.2 Gauge invariant actions over the manifold
An action S in four dimensions is the integral of a Lagrangian density L(x) over the manifold
using the general coordinate invariant measure d4x e. The invariance of the action under a
non-translational symmetry gb relates the transformation rule of L to that of e:
δgS =
∫
d4x e (δgL+ δgemaeamL) =
∫
d4x e (gbXbL+ gbfbaaL) (A.48)
One concludes XbL = −fbaaL as a condition for invariance. One can now check invariance
under a translational symmetry ga = ξa, using ξa∇a = ξm∇m:
δPS =
∫
d4x e
(
eb
nξm∇menbL+ ∂mξmL+ ξm∇mL
)
=
∫
d4x∂m(ξ
meL) = 0 (A.49)
This is nothing more than the statement that δP is equivalent to a general coordinate
transformation followed by gauge transformations, under which the action is inert.
A good example of the local approach is again offered by the conformal group in four
dimensions. The non-vanishing part of the conformal algebra is
[Mab, Pc] = Paηbc − Pbηac, [Mab,Kc] = Kaηbc −Kbηac
[Mab,Mcd] = ηbcMad − ηacMbd − ηbdMac + ηadMbc
[D,Pa] = Pa, [D,Ka] = −Ka
[Ka, Pb] = 2ηabD − 2Mab (A.50)
Coupled to each of these generators is a gauge field,
Wm = em
aPa +
1
2
ωm
baMab + bmD + fm
aKa (A.51)
24This transformation rule can also be derived from the definition of the R’s in terms of the gauge
connections, but the above is the more straightforward path.
50
such that the action of Pa on physical fields is the covariant derivative; the other generators
are defined by their intrinsic behavior:
PaΦ = ∇aΦ, MabΦ = SabΦ, DΦ = ∆Φ, KaΦ = 0 (A.52)
(If Φ possesses any Einstein indices, we separate them out with the vierbein and treat only
the Lorentz-indexed field as the actual Φ.) The difference between this and the approach
discussed in the global theory is that these are the behaviors of the generators at all points
on the manifold. The algebra of the generators allows one to calculate the transformation
behavior of any covariant derivative of Φ by using the algebra. For example,
D∇aΦ = DPaΦ = (∆ + 1)∇aΦ (A.53)
Kb∇aΦ = KbPaΦ = (2ηba∆− 2Sba)Φ (A.54)
Mbc∇aΦ =MbcPaΦ =
(
Sbcδda + ηa[cδdb]
)
∇dΦ (A.55)
Each of these generators acts locally with no derivative of its parameter.
The above relations can also be checked using the explicit definition of the covariant
derivative. For that calculation, one would need the transformation of the gauge connec-
tions. For completeness, consider the arbitrary gauge parameter
ΛAXA = ξ
aPa +
1
2
θbaMab + λD + ǫ
aKa (A.56)
Under a gauge transformation with such a parameter, the gauge connections transform as
δG(Λ)em
a = ∂mξ
a + ξbωmb
a + ξabm + θ
abemb − λema (A.57)
δG(Λ)ωm
ba = ∂mθ
ba + θ[bcωmc
a] − 2ξ[bfma] − 2ǫ[bema] (A.58)
δG(Λ)bm = ∂mλ+ 2ξ
afma − 2ǫaema (A.59)
δG(Λ)fm
a = ∂mǫ
a + ǫbωmb
a − ǫabm + θabfmb + λfma (A.60)
Using these definitions, one can check, for example, that δK(ǫ)∇aΦ =
(
2ǫa∆− 2ǫbSba
)
Φ
which agrees with the result from the algebra.
If an action S in conformally invariant, the Lagrangian must obey (usingXbL = −fbaaL)
DL = 4L, MabL = 0, KaL = 0 (A.61)
just as in the global case. Take as an example the standard φ4 theory. It is interesting
to note that the conventional way of writing the kinetic term, ∇aφ∇aφ, is not actually
inert under the special conformal transformations. Rather, one needs to use the covariant
d’Alembertian (∇a∇a) to give a gauge-invariant action:
S =
∫
d4x e
(
1
2
φ∇a∇aφ− aφ4
)
(A.62)
It is straightforward to check that this action is inert under all the gauge transformations.
A more interesting question is to ask how the kinetic action differs from the conventional
form. A convenient starting point is the identity
∂m(eea
mφ∇aφ) = ∇m (eeamφ∇aφ) + fmbKb (eeamφ∇aφ) (A.63)
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which follows since the expression in the parentheses is invariant under every gauge trans-
formation except the special conformal one. The above expression can be easily evaluated
to give
∂m(eea
mφ∇aφ) = e
(
∇a(φ∇aφ) + Tbaaφ∇bφ+ 2faaφ2
)
(A.64)
This allows one to integrate the action by parts:
S =
∫
d4x e
(
1
2
φ∇a∇aφ− aφ4
)
=
∫
d4x e
(
−1
2
∇aφ∇aφ− 1
2
Tba
aφ∇bφ− faaφ2 − aφ4
)
(A.65)
The trace of the torsion tensor usually vanishes in physically interesting theories, but the
term involving the K-gauge field fm
a is physically of interest. In common theories of
conformal gravity, it is related to the Ricci tensor and its trace is proportional to the Ricci
scalar. In such theories, the Lagrangian above can be gauge fixed to yield the Einstein-
Hilbert Lagrangian. (The quartic, if present, would give a cosmological constant.)
A.2.3 Global representations from local ones
We have discussed two ways of implementing the spacetime symmetry group on the fields.
The first involved a selection of a privileged point, the origin, at which we defined the
intrinsic behavior of the fields; the behavior elsewhere was then calculated by composing
the group element with the translation element. The action of group elements was taken not
only on the fields but also on the translation element, leading to non-trivial transformation
rules for the fields away from the origin. The second way involved defining gauge connection
1-forms everywhere; no privileged point was needed, nor was there any discussion of moving
points on the manifold. The advantage of this latter formulation was that it was trivial to
implement local group transformations. The global structure should be represented by the
local one when restricted to global gauge transformations.
Begin with a vanishing H-connection and a P -connection as defined in (A.27) relative
to some origin point 0. Construct a gauge transformation g˜(x) which takes the value g at
the origin but elsewhere is such as to keep the connections invariant. That is, g˜(x) obeys
0 = δg˜Wm
A = ∂mg˜
A + em
bg˜CfCb
A (A.66)
This equation can be integrated to give g˜(x) = e−x·P ge+x·P where x · P ≡ xmδmaPa. To
prove this is correct, recall that to first order in ξ, 1 + ξmem
aPa = e
−x·P e(x+ξ)·P . It follows
then that
−ξmembg˜CfCbA = [g˜, ξmembPb] = e−x·P ge(x+ξ)·P − e−x·P e(x+ξ)·P e−x·P gex·P
= e−x·P ge(x+ξ)·P + e−(x+ξ)·P gex·P − 2
= ξm∂mg˜
A
where the last two equalities hold only to first order in ξ. This gauge transformation, g˜(x),
is the transformation discussed in the global approach.
The general form of the locally invariant action S =
∫
d4x eL obeying XbL = −fbaaL
implies that the globally invariant form must also have that form. In particular the global
measure must be d4x e where e is nontrivial in the case of a sufficiently complicated (but
constant) torsion. (This is not normally an issue since even global supersymmetry has
E = 1.) To prove this requirement, consider the global action S =
∫
d4x eL. Under
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a global gauge transformation g˜, the measure is invariant and the Lagrangian changes as
δL = g˜bXbL+g˜bPbL. We can first replace g˜bXb → −g˜bfbaa and then equate that quantity to
ea
m∂mg˜
a+ g˜bfba
a using the differential equation for g˜. Finally note that g˜bPbL = g˜bebm∂mL
and we find
δL = eam(∂mg˜a)L+ g˜bfbaaL+ g˜bebm∂mL = ebm∂m(g˜bL) + g˜bfbaaL (A.67)
Here by fba
a we mean the trace of the torsion tensor, equivalently written Cba
a or Tba
a
(these are identical in the global theory). The first term can be integrated by parts (if the
measure is e) to cancel the second, rendering the action invariant.
The g˜’s discussed here represent the isometries of the flat space – the transformations
which leave invariant the form of the connections. Of particular interest is the case where
g = gaPa. There we find that g˜ = g˜
aPa (no H bits are generated since the commutator
of two P ’s is another P in the flat, ungauged space), with the interesting property that
g˜a preserves the form of the vierbein. These are precisely the translation isometries of the
space; that is, they are the diffeomorphisms which preserve the vierbein. We may write
them as a coordinate transformation:
xm → xm + g˜aeam, ea → ea, Da → Da (A.68)
Recall that the vierbein used here was the one associated with right differentiation. The
action of left differentiation was an isometry which preserved the form of the vierbein 1-
form ea and the right derivative operator Da. We have recovered this isometry above; it
represents the general form of the translation isometry of a flat space with torsion.
A.2.4 Normal gauge
In general relativity, there exists a preferred gauge for the metric, the choice of Riemann
normal coordinates, which expands the metric in terms of the curvature and derivatives
thereof. Similarly in Yang-Mills theories, there exists a preferred gauge, the Fock-Schwinger
gauge, which gives the gauge connection in terms of the gauge curvature and derivatives
thereof. It is possible to generalize both of these conditions to the sort of theory discussed
here.
Recall that a field at a point x is related to the field at a fixed point x0 by a Taylor
expansion:
φ(x) = exp ((x− x0) · ∂)φ(x0)
= φ(x0) + (x− x0)m∂mφ(x0) + 1
2
(x− x0)m(x− x0)n∂n∂mφ(x0) + . . . (A.69)
On the other hand, the parallel transport of the field from x0 with parameter y is
φ(x0; y) = exp (y
aPa)φ(x0)
= φ(x0) + y
a∇aφ(x0) + 1
2
yayb∇b∇aφ(x0) + . . . (A.70)
One can choose a gauge such that these coincide for x = y+x0 for scalar fields; this general-
izes Riemann normal coordinates for non-Riemannian geometries (for example, those with
torsion). The further choice that these should coincide for all fields leads to a generalization
of Fock-Schwinger gauge.
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In principle, one can equate these series term-by-term to determine the gauge fields.
A slightly simpler method is to note that ea
m∂mφ − habXbφ is the covariant derivative;
therefore one may equate
ea
m(y)
∂
∂ym
exp (yaPa)φ(x0)− hab(y) exp (yaPa)Xbφ(x0) = exp (yaPa)Paφ(x0) (A.71)
This can be rearranged to
∂
∂ym
ey·Pφ(x0) = emaey·PPaφ(x0) + hmb(y)ey·PXbφ(x0)
= ey·P e˜maPaφ(x0) + ey·P h˜mb(y)Xbφ(x0) (A.72)
where we have defined e˜m
a and h˜m
b by conjugation with ey·P . Multiplying by an overall
factor gives
e−y·P
∂
∂ym
ey·Pφ(x0) = e˜maPaφ(x0) + h˜mb(y)Xbφ(x0) (A.73)
The term on the left can be straightforwardly evaluated term by term:
e−y·P∂mey·P = ∂m + Pm +
1
2
[Pm, y
aPa] +
1
3!
L2y·PPm −
1
4!
L3y·PPm + . . .
= ∂m + Pm +
∞∑
j=1
(−1)j
(j + 1)!
Qm(j) (A.74)
where Ly·Pf ≡ [yaPa, f ] = ya[Pa, f ] and Qm(j) ≡ Ljy·PPm. In this expansion the ya are to
be treated as group parameters, inert under the action of the generators, and the explicit
derivative ∂m is with respect to the y only. One may formally solve for the gauge fields by
defining
e˜m
a = δam +
∞∑
j=1
(−1)j
(j + 1)!
Qm
a(j)
h˜m
b =
∞∑
j=1
(−1)j
(j + 1)!
Qm
b(j) (A.75)
where we have expanded Qm = Qm
aPa +Qm
bXb. Then conjugating by the group element
exp(y · P ) generates the actual gauge fields:25
em
a = δam +
∞∑
j=1
(−1)j
(j + 1)!
∞∑
k=0
1
k!
Lky·PQm
a(j)
hm
b =
∞∑
j=1
(−1)j
(j + 1)!
∞∑
k=0
1
k!
Lky·PQm
b(j) (A.76)
Note that the conjugation generates covariant derivatives of the listed terms; for example,
Ly·PQma(j) = yb∇bQma(j).
25In the case where there are no curvatures except for constant torsion, the above reduce to hm
b = 0 and
em
a given by (A.27). Normal gauge is the appropriate generalization.
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A.2.5 Gauge invariant actions over submanifolds
In the case of global supersymmetry, we know that it is natural to consider not only integrals
over the entire superspace of coordinates (x, θ, θ¯) but also integrals over a chiral superspace
of coordinates (y, θ) where y = x + iθσθ¯. It is natural to think of the chiral superspace as
lying on a submanifold characterized by a constant value of θ¯. Then change in coordinates
from x to y is naturally understood, since in those coordinates Dα˙ = ∂α˙ and so chiral
superfields (those annihilated by Dα˙) naturally live on such a submanifold.
Let us take this point of view seriously and derive some useful results about actions
on submanifolds. We will assume that the space under consideration is purely bosonic so
that our geometric intuition can be trusted. Let the full manifold M be D-dimensional
on which we may define the parallel transport operators PA, where A = 1, . . . ,D. Let P
be decomposed as PA = (Pa, Pα˙) where a = 1, . . . ,D and α˙ = D + 1, . . . ,D. We will use
Gothic indices a to denote the submanifold tangent space indices. Our object of interest
is a submanifold M of dimension D defined so that Pα˙ annihilates the functions naturally
integrated over M.
This can be made more concrete by choosing coordinates zM = (zm, θ¯µ˙) so that M
is parametrized by zm with constant θ¯µ˙; we will assume θ¯µ˙ = 0 for definiteness, but any
constant will do. In this way the coordinates on M can be related nicely to the coordinates
on M.26 Then the condition that Pα˙ annihilates the natural integrands on M means Pα˙ =
∂/∂θ¯α˙ when acting on pure functions, or, equivalently, that M lies at a constant slice of θ¯µ˙.
This choice of coordinates has the benefit of simplifying calculations while unfortunately
forcing a breakdown in manifest general coordinate invariance onM ; equivalently, this forces
one to choose a certain P -gauge. We will therefore avoid making this explicit assumption
until it is absolutely necessary.
Recall that an invariant integral on the whole manifold M is
S =
∫
M
E1 ∧ E2 ∧ . . . ∧ ED V =
∫
dDz E V (A.77)
where E = det(EM
A) and V is an appropriate integrand to make the action gauge invariant.
We have already shown that invariance under the non-translation symmetries H requires
δgV = −gbfbAA, while invariance under P follows from general coordinate invariance. An
invariant integral over M can be very similarly defined:
S =
∫
M
E1 ∧ E2 ∧ . . . ∧ ED W =
∫
M
E1 ∧ E2 ∧ . . . ∧ ED W =
∫
dDz EW, (A.78)
where E = det(Ema) is the volume measure andW is an appropriate integrand. The subvier-
bein form Ea is taken to be identical to Ea when restricted to the manifold M.27 Invariance
of this integral under the action of H requires δgW = −gbfbaaW . (Note the trace of the
structure constant is over the submanifold’s Lorentz indices.) However, since the integral
is over a submanifold, it is not obviously taken into itself under P -gauge transformations.
We check first the requirement of Pα˙ invariance, which means essentially that such
actions should not depend on the constant value of θ¯ used to define M. The action varies
as
0 = δξS =
∫
dDz E
(
ξα˙Tα˙m
bEbmW + ξα˙∇α˙W
)
. (A.79)
26Of course θ¯ here is to be understood as a bosonic coordinate at the moment.
27 In the special coordinates where M corresponds to θ¯ = 0, the vierbein obeys Eµ˙
a |M = 0. This condition
is equivalent to the conditions Ea = Ea |M = dz
mEm
a .
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(The term Ebm represents the inverse of the subvierbein. It does not necessarily correspond
to Eb
m, since the inverse of a submatrix is not necessarily the submatrix of the inverse
unless certain requirements are placed on the coordinates z being used for the submanifold,
or equivalently, the gauge choice for the vierbein.) Each term should vanish separately.
Requiring the second term to vanish enforces the covariant constancy ofW in the direction of
Pα˙. Requiring consistency of∇α˙W = 0 with the algebra gives several additional constraints:
0 = [∇α˙,∇β˙ ]W = −Tα˙β˙c∇cW +Rα˙β˙ cfcddW (A.80)
0 = [Xa,∇β˙]W = −faβ˙c∇cW + faβ˙cfcddW (A.81)
(The second commutator vanishes since ∇β˙XaW = −∇β˙fabbW = 0.) From this simple
result we learn Tα˙β˙
c = faβ˙
c = 0 as well as Rα˙β˙
cfcd
d = faβ˙
cfcd
d = 0. The other term in the
variation of the subaction gives two new terms which must vanish:
Tα˙m
bEbm = Tα˙γ˙bEmγ˙Ebm+ Tα˙bb
The first of these, Tα˙γ˙
bEm
γ˙Ebm = 0, is already a condition for the existence of a covariantly
constant W . The second, Tα˙b
b = 0, amounts to an additional constraint on the space.28
Next we check Pa invariance of the subaction. One finds
0 = δξS =
∫
dDz E
(
∇mξaEamW + ξaTambEbmW + ξa∇aW
)
. (A.82)
Integrating the first term by parts gives
0 = δgS =
∫
dDz E
(
−ξaEam∇mW + ξa∇aW − ξaEanTnmbEbmW + ξaTambEbmW
)
. (A.83)
Invariance holds under the same set of conditions. For example, Eam∇mW = EamEmB∇BW =
EamEmb∇bW = ∇aW since W is covariantly constant with respect to Pα˙ and Emb is equiv-
alent to Emb. A similar argument demontrates the cancellation of the torsion terms.
The constraints we have found are:
Tα˙β˙
c = 0, faβ˙
c = 0
Rα˙β˙
cfcd
d = 0, faβ˙
cfcd
d = 0
Tα˙b
b = 0
The next question to consider is whether integrals over a manifold M can be related to
integrals over the submanifold M, and vice-versa. We will deal with M → M first and then
consider the reverse.
Case 1: M → M
Consider the integration of a function V over the whole manifold:
∫
M d
Dz E V. We
would like to decompose it into an integral of some other function W over the sub-
manifold M. The most straightforward way to do this is to adopt the coordinates
28 These constraints are stricter than necessary. One could choose that ∇α˙W = −Tα˙m
bEb
mW , as opposed
to requiring each term to separately vanish. We have chosen to separate them in the way we have since
it makes sense that the conditions we want should be simple conditions on W , like chirality, and simple
conditions on the geometry, like vanishing of certain torsions, as opposed to something more complicated
relating the two.
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(equivalently, choose the P -gauge) so that zM = (zm, θ¯µ˙) and M corresponds to θ¯ = 0.
Note that it is rather trivial to choose Eµ˙
a|M = 0; it can be shown that the conditions
we derived for the invariance of the subactions over M allow us to extend this condi-
tion over all of M .29We then can assume a gauge choice where Eµ˙
a = 0 everywhere,
as well as the additional requirements hµ˙
bfba
a = 0. These two conditions mean that
∇α˙W = 0 is equivalent to ∂µ˙W = 0. Given these, one may easily show that E is itself
independent of θ¯:
∂µ˙E = ∂µ˙EnaEan = ∇µ˙EnaEan = Tµ˙naEan = 0 (A.84)
This is important since the gauge choice for the vierbein implies E = EΣ¯, where
Σ¯ ≡ det(Eµ˙α˙). Then E separates into a part (E) independent of θ¯ and another (Σ¯)
which is an appropriate density in θ¯.
Under these assumptions, we find∫
M
dDz E V =
∫
M
dDz E P[V ] (A.85)
where
P[V ] ≡
∫
dd˙θ¯ Σ¯V. (A.86)
Note that P[V ] is covariantly constant with respect to Pα˙ for a quite trivial reason: by
construction, P[V ] is independent of θ¯ and so ∂µ˙P[V ] = 0 in a gauge where ∂α˙ = ∇α.
This operation can be extended to any gauge by first evaluating it in the special gauge
used here and then transforming to the desired gauge using δgP[V ] = −gbfbaaP[V ].
Case 2: M →M
In principle an integral over a submanifold M can be defined by an integral over the
whole manifold M using an appropriate delta function ∆. Then∫
M
dDz EW =
∫
M
dDz EW∆ (A.87)
That both sides remain gauge invariant under H implies δg∆ = −gbfbα˙α˙∆. The
simplest way to describe the constraints is to choose the coordinates z to decompose
as zM = (zm, θ¯µ˙) where the submanifold M lives at θ¯µ˙ = 0. In this special gauge, ∆
takes the simple form
∆ =
δd˙(θ¯)
Σ¯
. (A.88)
This is not the only such ∆ that will work; an entire family is permissible, of the form
∆ =
X
P[X] . (A.89)
The choice X = δd˙(θ¯) reproduces the simplest example. If, however, P[1] is a simple
enough object, the choice X = 1 becomes extremely attractive. 30
29The construction will be given when needed for the explicit case of N = 1 superspace.
30The above construction applies very nicely to Poincare´ supergravity, where if one chooses X = 1, one
finds ∆ = 1/2R.
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That both of these results should hold implies∫
M
dDz E V =
∫
M
dDz E P[V ] =
∫
M
dDz E P[V ]∆ (A.90)
Since ∆ can be placed in the form X/P[X], the equivalence of the first and third forms
implies P is a self-adjoint operation under the full integration.
While it is self-adjoint, P is not actually a projector, as it is not idempotent (that is,
P2 6= P). The true projector (in the special gauge) is Π, which is defined by
Π[V ] ≡
∫
dd˙θ¯ Σ¯V∆. (A.91)
This formula is a very complicated way of saying a simple thing: Π[V ] is formally identical
(in this gauge) to V |θ¯=0 provided we use the simplest ∆. The advantage of the more
cumbersome form X/P[X] is that it can be extended to any other gauge since the gauge
transformation properties of the various objects are well-defined.31
31Applying this to the case of Poincare´ supergravity, one finds P = − 1
4
(D¯2−8R) and Π = − 1
8R
(D¯2−8R).
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B Implicit grading
We make use of the convention of [10] with respect to superspace indices and their contrac-
tions. Furthermore, we adopt an implicit grading scheme to avoid cumbersome notation.
In any formula involving capital Roman superindices (A, B, C,. . . ), an order is set by the
uncontracted indices of the first term; all other terms, if not in the order given, must be sup-
plemented with a grading to flip the indices to the appropriate order. In addition, all index
contractions are to be done high to low between adjacent indices; any other configuration
of indices must be swapped into this configuration.
A few examples help a good deal. First the commutator:
[∇B,∇A] = −RBA
Explanding this out gives
∇B∇A −∇A∇B = −RBA
The first term sets the order to be B then A; the second term has the wrong order and so
a grading must be inserted. The final result is
∇B∇A − (−)AB∇A∇B = −RBA
The commutator is really an anticommutator if both A and B are fermionic.
Next, a more involved example:
VC
B∇BWA + VCB∇AWB = FABBDGCD
The first term sets the order: C then A. The B contraction is properly done, so no grading
is necessary for the first term. The second term has C and A in the correct order, but
the B contraction is done through the A. One must swap the A with either B to get an
adjacent contraction, giving a grading (−)AB . The third term on the right side has the B
contraction done in the wrong order. This requires we place a grading of (−)B . In addition,
the D contraction is done through the index C, giving a grading of (−)CD. Finally, the
overall order of indices is A then C; swapping them to the correct order gives a grading
(−)AC . The final result with the gradings restored is
VC
B∇BWA + (−)ABVCB∇AWB = (−)B+CD+ACFABBDGCD.
Now suppose G were a two-form. Then the form indices CD can be swapped at the cost of
a sign if they are not both fermionic; this gives
VC
B∇BWA + (−)ABVCB∇AWB = −(−)B+ACFABBDGDC .
We would have compactly written this without the gradings as
VC
B∇BWA + VCB∇AWB = −FABBDGDC .
which is equal to the first equation, provided we take GDC = −GCD which is true modulo
the grading.
The advantage of this notational method is that in any calculation involving superindices,
one may naively treat them as if they were all regular bosonic indices. Then when one wishes
to actually insert the components, the gradings can be added on the fly subject to the rules
we have given.
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C Global superconformal transformations
In the literature on the conformal group, the generators on the fields in the global approach
are given at an arbitrary point x. For example, D is defined as ∆+ x · ∂. (See for example
[12].) For completeness, we present the global superconformal generators in the same global
picture.
The action of a generator g on a field Φ may be defined at the origin. One takes the
defining relations for a primary superfield Φ as
PaΦ(0) = ∂aΦ(0), QαΦ(0) = DαΦ(0), Q¯
α˙Φ(0) = D¯α˙Φ(0)
MabΦ(0) = SabΦ(0), DΦ(0) = ∆Φ(0), AΦ(0) = iwΦ(0)
KaΦ(0) = 0, SαΦ(0) = 0, S¯
α˙Φ(0) = 0 (C.1)
The action of the supersymmetry translation generators Qα at the origin are formally
defined to be the same as Dα. This is certainly allowed by the discussion in Wess and
Bagger since both are equivalent to ∂α there; however, it will soon be apparent that the
intrinsic action of Qα on a field anywhere is to be found by the action of Dα.
In order to find the action of g elsewhere, conjugation by the translation operator is
necessary. That is, in order to calculate gΦ(z), one must commute g past the translation
element, gΦ(z) = gezPΦ(0) = ezP g˜(z)Φ(0) where g˜(z) ≡ e−zP gezP , and the elements in the
expansion of g′ are to be taken to act on Φ at the origin. One may calculate the effect of
conjugation by the translation element on each of the generators:
P˜a(z) =Pa
Q˜α(z) =Qα − 2i(σaθ¯)αPa
˜¯Qα˙(z) =Q¯α˙ − 2i(σ¯aθ)α˙Pa
D˜(z) =D + xaPa +
1
2
θQ+
1
2
θ¯Q¯
A˜(z) =A− iθQ+ iθ¯Q¯− 2(θσaθ¯)Pa
M˜ab(z) =Mab − x[aPb] + (θσabQ) + (θ¯σ¯abQ¯) + Pcǫabcd(θσdθ¯)
K˜a(z) =Ka + 2xaD − 2xbMab + i(θσaS¯) + i(θ¯σ¯aS) + 2xaxbPb − x2Pa
+ xa(θQ)− 2xb(θσabQ) + xa(θ¯Q¯)− 2xb(θ¯σ¯abQ¯) + 3ζaA+ ǫabcdζbMcd
− 2ǫabcdζbxcPd − 2iζa(θQ) + 2iζa(θ¯Q¯)− 2ζaPa
S˜α(z) =Sα + ixa(σaQ¯)α − 2θαD + 3iθαA+ 2(σbaθ)αMab
− 2θαxaPa + 4(σabθ)αxaPb − 2θ2Qα − 2θα(θ¯Q¯) + 2iθ2(σaθ¯)αPa
˜¯Sα˙(z) =S¯α˙ + ixa(σ¯aQ)
α˙ − 2θ¯α˙D − 3iθ¯α˙A+ 2(σ¯baθ¯)α˙Mab
− 2θ¯α˙xaPa + 4(σ¯abθ¯)α˙xaPb − 2θ¯2Q¯α˙ − 2θ¯α˙(θQ) + 2iθ¯2(σ¯aθ)α˙Pa (C.2)
where ζa ≡ θσaθ¯.
The first set of definitions imply
PaΦ(z) = ∂aΦ(z), QαΦ(z) = DαΦ(z)−2i(σa θ¯)α∂aΦ(z), Q¯α˙Φ(z) = Dα˙Φ(z)−2i(σ¯aθ)α˙∂aΦ(z)
(C.3)
which is consistent with the standard definitions in the literature.
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D Solution to the Bianchi identities
D.1 General solution to gauge constraints
The constraints chosen for conformal supergravity include a set of constraints we shall call
the “gauge” constraints for their similarity to the constraints imposed on internal gauge
theories in superspace:
{∇α,∇β} = {∇α˙,∇β˙} = 0
{∇α,∇α˙} = −2i∇αα˙
where∇A ≡ EAM
(
∂M − hMbXb
)
is the covariant derivative. HereXb is any non-translation
symmetry generator; for the conformal group it consists of scalings D, chiral rotations A,
Lorentz rotations Mab, and the special conformal transformations KC . In principle, it
may also include any internal symmetries (eg. Yang-Mills), but we will not be explicitly
concerned with those here. Since they commute with the conformal group, it is quite easier
to add these symmetries later when needed.
The gauge constraints enforce relationships between the various fermionic connections.
One could attempt to solve these constraints in terms of prepotentials and then give all
the connections and curvatures in terms of these prepotentials. In the case of internal
symmetries, this is quite straightforward to do; one finds the prepotentials take the form
of adjoint Hermitian superfields V = V rXr where Xr is the internal symmetry generator.
These in turn possess a gauge invariance of the form V → V +Λ+Λ¯ for chiral superfields Λ.
When the symmetry group fails to commute with translations, this approach is more difficult
(though not impossible). Moreover, in practice one is only concerned with calculating
the curvatures themselves. It turns out the simpler procedure is usually to derive the
constraints the curvatures obey and to solve the curvatures in terms of some unconstrained
superfields. In this latter procedure, one finds chiral gaugino superfieldsW =WrXr whose
lowest components are the gauginos and which transform homogeneously under the gauge
transformation. (These, of course, can be written in terms of the gauge prepotentials, but
this is usually not necessary to do.) It is this latter procedure which we will follow here.
The starting point to deriving constraints on the curvatures is the Bianchi identity
0 =
∑
[ABC]
[∇A, [∇B ,∇C ]]
where the sum is over (graded) cyclic permutations of the indices. Both the permutation
and the commutator carry an implicit grading which gives an extra sign whenever two
fermionic indices are pushed past each other. We shall examine each case in turn, in a
treatment roughly analogous to that of [10].
The case of αβγ is trivial. All terms in the sum vanish.
The second case is αβγ˙. The Bianchi identity reads
0 = [∇α, {∇β ,∇γ˙}] + [∇γ˙ , {∇α,∇β}] + [∇β, {∇γ˙ ,∇α}]
= −2i[∇α,∇βγ˙ ] + 0− 2i[∇β ,∇αγ˙ ]
= +2iRα(βγ˙) + 2iRβ(αγ˙)
This implies the curvature is antisymmetric in the undotted indices. We therefore may
define the “gaugino” superfield W by
Rα(ββ˙) = 2iǫαβWβ˙, Rα˙(ββ˙) = 2iǫα˙β˙Wβ (D.1)
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We have included the analogous formulae for the complex conjugate. Note thatW†β = −W β˙
under this definition.
The third case of interest is αβc. One finds
0 = {∇α, [∇β,∇c]}+ [∇c, {∇α,∇β}]− {∇β, [∇c,∇α]}
= −{∇α, Rβc}+ 0− {∇β, Rαc}
Writing R in terms of W and contracting with σcγγ˙ gives
0 = −2iǫβγ{∇α,Wγ˙} − 2iǫαγ{∇β,Wγ˙}
A further contraction with ǫγβ gives
0 = {∇α,Wα˙} = {∇α˙,Wα} (D.2)
where we have included the conjugate result as well. This generalizes the chirality condition
of the normal Yang-Mills case, but this is not quite the conventional chirality. To wit,
0 = {∇α,Wα˙BXB} = (∇αWBα˙ )XB −Wα˙CfCαBXB
Wα˙ is antichiral in the conventional sense only when the second term vanishes, which is
the case when the symmetry group under consideration is internal (ie. one that commutes
with translations). Nevertheless, it is useful to retain the term “chiral” to describe Wα and
“antichiral” for Wα˙.
The fourth case of interest is αβ˙c. We find
0 = {∇α, [∇β˙,∇c]}+ [∇c, {∇α,∇β˙}]− {∇β˙, [∇c,∇α]}
= −{∇α, Rβ˙c} − 2i[∇c,∇αβ˙]− {∇β˙, Rαc} = −{∇α, Rβ˙c}+ 2iRc(αβ˙) − {∇β˙ , Rαc}
which serves to define the bosonic curvature:
2iRb(αα˙) = {∇α, Rα˙b}+ {∇α˙, Rαb}
Rewriting the right-hand side in terms of W gives
R(ββ˙)(αα˙) = +ǫα˙β˙{∇α,Wβ}+ ǫαβ{∇α˙,Wβ˙}
The left-hand side is antisymmetric under interchange of the pairs (ββ˙) and (αα˙) and so
the right-hand side must be as well. It is easy to check that this requires the additional
condition
{∇α,Wα} = {∇α˙,W α˙} (D.3)
This generalizes the analogous property for the Yang-Mills case much as the chirality con-
dition has been generalized. Using this constraint one may rewrite the curvature in the
manifestly antisymmetric form
R(ββ˙)(αα˙) = −
1
2
ǫβ˙α˙{∇{β ,Wα}} −
1
2
ǫβα{∇{β˙ ,Wα˙}} (D.4)
The remaining cases to check are αbc and abc. These turn out to follow from the previous
conditions on W (just as in the Yang-Mills case) and so we do not include them here. All
other cases are conjugates of those given above, and so the constraints have been solved.
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It is useful to derive how the symmetry generator Xd acts on Wβ. In order to do this, it
is helpful to have a set of constraints on the structure constants consistent with the Jacobi
identities. The easiest way to proceed is from the general formula (A.44), specializing to
the cases of CB equal to γβ and γβ˙. For the first case, one finds
0 =
∑
(γβ)
(
−fdγFRFβ − fdγfffβAXA
)
(D.5)
where RFβ = RFβ
AXA where XA in this and the above formula consists of both the
translations PA and the non-translation symmetries Xa. For the second case, one finds
0 = 2ifc(ββ˙)
AXA − fcβDRDβ˙ − fcβ˙DRDβ − fcβdfdβ˙AXA − fcβ˙dfdβAXA (D.6)
(We have relabelled d to c and γ to β since β and β˙ naturally go together to form a vector
index.)
One set of additional constraints is also useful. For any theory in superspace, we would
like to be able to write down chiral integrals; the existence of these implies the structure
constant constraints (A.81)
faβ
c = faβγ˙ = 0, faβ
c
(
fcd
d + fcδ˙
δ˙
)
= 0
as well as their complex conjugates
faβ˙
c = faβ˙
γ = 0, faβ˙
c
(
fcd
d − fcδδ
)
= 0
Applying these constraints to (D.5) gives
0 =
∑
(γβ)
(
−fdγνRνβ − fdγfffβAXA
)
= −
∑
(γβ)
fdγ
fffβ
AXA (D.7)
which is a further constraint on the structure constants. Note that this constraint is equiv-
alent to
fdγ
fffβ
AXA =
1
2
ǫγβfd
φfffφ
AXA (D.8)
Applying the constraints to (D.6) gives fcb
A in terms of fcβ
A and fcβ˙
A:
fc(ββ˙)(αα˙) = 2ǫβ˙α˙fcβα − 2ǫβαfcβ˙α˙ (D.9)
fc(ββ˙)
α = − i
2
fcβ˙
dfdβ
α (D.10)
fc(ββ˙)
α˙ = − i
2
fcβ
dfdβ˙
α˙ (D.11)
fc(ββ˙)
a = − i
2
fcβ
dfdβ˙
a − i
2
fcβ˙
dfdβ
a (D.12)
We are now in a position to derive the general gauge transformation property of Wβ˙.
To proceed, first note that in principle Rγ(ββ˙) = fγ(ββ˙)
AXA + ∆Rγ(ββ˙) where the first
term on the right is a structure constant in the global theory and the second term is the
local correction. (In practice, the first term usually vanishes.) It follows that a similar
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decomposition of W takes place, giving Wβ˙A = fβ˙A + ∆Wβ˙A. Since the first term is a
structure constant, it necessarily is gauge invariant; we therefore need only calculate the
gauge transformation of the local correction. Using equation (A.45), for the case of CB = γb
gives
2iǫγβXdWβ˙A = −2iǫγβ∆Wβ˙F fFdA + 2ifdγβ∆Wβ˙A − ifd(ββ˙)(γγ˙)∆W γ˙A (D.13)
Using (D.9) allows one to show the right-hand size is proportional to ǫγβ. The final result
is
XdWβ˙A = −∆Wβ˙F fFdA − fdφφ∆Wβ˙A − fdβ˙γ˙∆W γ˙A
The first term on the right hand size can be combined with the left-hand side to yield the
compact formula
[Xd,∆Wβ˙] = −fdφφ∆Wβ˙ − fdβ˙γ˙∆W γ˙ (D.14)
The complex conjugate is
[Xd,∆Wβ] = +fdφ˙φ˙∆Wβ − fdβγ∆Wγ (D.15)
We include the precise definition of the covariant derivative of the local gaugino super-
fields for completeness:
∇C∆WβA = ECM∂M∆WβA + hCd
(
∆WβF fFdA − fdφ˙φ˙∆WβA + fdβγ∆WγA
)
(D.16)
∇C∆Wβ˙A = ECM∂M∆Wβ˙A + hCd
(
∆Wβ˙F fFdA + fdφφ∆Wβ˙A + fdβ˙γ˙∆W γ˙A
)
(D.17)
(The covariant derivative of the constant part of W vanishes.)
D.2 Conformal supergravity solution
From the result of the previous section, we may define maximal conformal supergravity as
the theory with the Yang-Mills constraints
{∇α,∇β} = {∇α˙,∇β˙} = 0
{∇α,∇α˙} = −2i∇αα˙.
It follows that the remaining curvatures are of the form
Rα(ββ˙) = 2iǫαβWβ˙
Rα˙(ββ˙) = 2iǫα˙β˙Wβ
R(ββ˙)(αα˙) = −
1
2
ǫβ˙α˙{∇{β ,Wα}} −
1
2
ǫβα{∇{β˙ ,Wα˙}}
where the superfields W obey the constraints
{∇α˙,Wα} = {∇α,Wα˙} = 0
{∇α,Wα} = {∇α˙,W α˙}
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The W here is understood as
Wα =W(P )αBPB + 1
2
W(M)αcbMbc +W(D)αD +W(A)αA+W(K)αBKB
That is, there is a W associated with each symmetry in the conformal group. These W
are not conformally primary but are rotated into each other by the action of the conformal
group. In this case, the global theory is characterized by W = 0 and so no decomposition
of W into global and local parts is necessary.
The chirality condition {∇α˙,Wα} = 0 reads
0 = ∇α˙W(P )αB∇B −W(P )αCTCα˙B∇B +W(M)αα˙β˙∇β˙ +
1
2
W(D)α∇α˙ + iW(A)α∇α˙
0 =
1
2
∇α˙W(M)αcbMbc − 1
2
W(P )αDRDα˙cbMbc − 2W(K)αβ˙M β˙ α˙
0 = ∇α˙W(K)αBKB −W(P )αCR(K)Cα˙BKB + iW(K)α(α˙β)Sβ
0 = ∇α˙W(D)α −W(P )αBR(D)Bα˙ − 2W(K)αα˙
0 = ∇α˙W(A)α −W(P )αBR(A)Bα˙ − 3iW(K)αα˙ (D.18)
For the last two equations we have omitted the generators D and A respectively. The
curvatures in these expressions are defined in terms of W; therefore, these formulae possess
both linear and quadratic terms in W.
The condition {∇α,Wα} = {∇α˙,W α˙} reads
∇αW(P )αB∇B +W(P )αCTCαB∇B −W(M)ααβ∇β −
1
2
W(D)α∇α + iW(A)α∇α
= ∇α˙W(P )αB∇B +W(P )α˙CTCα˙B∇B −W(M)α˙α˙β˙∇β˙ −
1
2
W(D)α˙∇α˙ − iW(A)α˙∇α˙
(D.19)
1
2
∇αW(M)αcbMbc + 1
2
W(P )αDRDαcbMbc + 2W(K)αβMβα
=
1
2
∇α˙W(M)α˙cbMbc + 1
2
W(P )α˙DRDα˙cbMbc + 2W(K)α˙β˙M β˙α˙ (D.20)
∇αW(K)αBKB +W(P )αCR(K)CαBKB − iW(K)α˙α˙
β
Sβ
= ∇α˙W(K)α˙BKB +W(P )α˙CR(K)Cα˙BKB − iW(K)α˙(α˙β)Sβ (D.21)
∇αW(D)α +W(P )αBR(D)Bα + 2W(K)αα = ∇α˙W(D)α˙ +W(P )α˙BR(D)Bα˙ + 2W(K)α˙α˙
(D.22)
∇αW(A)α +W(P )αBR(A)Bα − 3iW(K)αα = ∇α˙W(A)α˙ +W(P )α˙BR(A)Bα˙ + 3iW(K)α˙α˙
(D.23)
This is a very complicated structure that simplifies a great deal when we apply the
further constraints of conformal supergravity. These are Fαb = 0, Hαb = 0, and Tγb
A = 0
along with their complex conjugates. (In addition, we want Tcb
a = 0 but this turns out
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to be a consequence of the other constraints.) These constraints clearly force W(A)α,
W(D)α, and W(P )αB to zero. Since this set of constraints is conformally invariant (ie.
SγW(D)β = +2W(P )βγ = 0), it follows that the covariant derivative of any of these also
vanishes.
The only non-vanishing gaugino superfields are then W(M) and W(K). In terms of
these, the chirality constraints (D.18) read
0 =W(M)αα˙β˙∇β˙
0 =
1
2
∇α˙W(M)αcbMbc − 2W(K)αβ˙M β˙ α˙
0 = ∇α˙W(K)αBKB + iW(K)α(α˙β)Sβ
0 = −2W(K)αα˙
0 = −3iW(K)αα˙
It follows that W(M)αβ˙γ˙ and W(K)αα˙ vanish. Furthermore, W(M)αβγ is chiral and
∇α˙W(K)αβ = −iW(K)αα˙β.
Considering the remaining constraints, we have (D.19)
−W(M)ααβ∇β = −W(M)α˙α˙β˙∇β˙
This implies that W(M)ααγ = 0. Therefore, W(M)αβγ is totally symmetric in its indices.
Similarly for the conjugate.
Next is (D.20)
1
2
∇αW(M)αcbMbc + 2W(K)αβMβα = 1
2
∇α˙W(M)α˙cbMbc + 2W(K)α˙β˙M β˙α˙
which implies that W(K)βγ = −14∇αW(M)αβγ (as well as its conjugate). Since we already
know that W(K)β(αα˙) = i∇α˙W(K)βα, it follows that W (K)β(αα˙) = −12∇φα˙W(M)φβα.
Equation (D.21) implies
∇αW(K)αBKB − iW(K)α˙α˙
β
Sβ = ∇α˙W(K)α˙BKB − iW(K)α˙(α˙β)Sβ
which, when we insert our existing formulae, gives a new identity
∇β∇φα˙W(M)φβα = ∇β˙∇φ˙αW(M)φ˙β˙α˙
Finally, we note that the final two constraints (D.22) and (D.23) give
+2W(K)αα = 2W(K)α˙α˙
and
−3iW(K)αα = +3iW(K)α˙α˙,
which are satisfied trivially. (Both sides vanish.)
All of the curvatures are then specified in terms of a single totally symmetric chiral
superfield W(M)αβγ as well as its conjugate, which together obey a Bianchi identity. Fur-
thermore, from the transformation rules of the W found in the previous section, W(M)αβγ
is conformally primary of scale dimension 3/2 and U(1) weight +1. To make contact with
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the conventional normalizations and reality conditions, we define a new superfieldWαβγ via
W(M)αβγ = −2Wαβγ and W(M)α˙β˙γ˙ = +2Wαβγ and summarize our results in terms of it:
W(P )αB =W(P )α˙B = 0
W(D)α =W(D)α˙ = 0
W(A)α =W(A)α˙ = 0
W(M)αβ˙γ˙ =W(M)α˙βγ = 0
W(M)αβγ = −2Wαβγ , W(M)α˙β˙γ˙ = +2Wα˙β˙γ˙
W(K)αβ = 1
2
∇φWφαβ, W(K)α˙β˙ =
1
2
∇φ˙Wφ˙α˙β˙
W(K)αβ˙ =W(K)α˙β = 0
W(K)α(ββ˙) = ∇φβ˙Wφαβ, W(K)α˙(ββ˙) = ∇φ˙βWφ˙α˙β˙
Wαβγ is a totally symmetric chiral primary superfield obeying a Bianchi identity
∇β∇φα˙Wφβα = −∇β˙∇φ˙αWφ˙β˙α˙
From the above definitions of W and of the curvatures R in terms of W, one can quite
easily derive the curvatures in terms of W . These are given fully in Section 2.6.
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